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Abstract
Granular materials are widely used throughout the world in many industries,
and problems such as stable obstructions or uncontrolled flooding that occur impact significantly on the economies of such industries. Using the proper continuum
mechanical theory of granular materials, two such problems are examined in this
thesis. Firstly, the phenomenon of stable vertical cylindrical cavities known as ratholes in stockpiles and hoppers that impede the flow of the granular material through
the reclaim hole is examined. Secondly, the stress distribution at the base of a two

and three-dimensional sand-pile is considered in search of the peak vertical pressure,
which may not be located directly beneath the vertex of the sand-pile.
The rat-hole problem is well known but is not properly understood, and existing
theory is unsatisfactory, in that it is believed not to properly incorporate actual
material properties. Here the classical rat-hole theory of Jenike and his coworkers
is re-examined, with a view to examining the validity of the so-called "stable rathole equation", which is widely used in practice. Jenike's original theory assumes a
symmetrical stress distribution which is independent of height. However in practice,
rat-holes tend to exhibit some tapering with height, and here the stress profiles
corresponding to a symmetrical but slightly tapered circular cavity are determined.
Existing theory for rat-holes applies only to the Coulomb-Mohr yield function. Here
for an existing rat-hole, and assuming a shear-index granular material, the limiting
stress profiles are determined which extends existing theory to a wider constitutive
law.

iii

T h e determination of the horizontal and verticalforcedistributions at the base of

a sand-pile is by now a famous problem in granular theory. In 1981 it was suggested
from experimental work that the peak vertical force at the base does not occur

directly beneath the vertex of the pile, but at some intermediate point so that the
is a ring of maximum vertical pressure. Practising engineers have some reservation
this result and numerous discrete theoretical and computational models of granular
sand-piles have been proposed to explain this phenomenon, with varying degrees of
success. Here for two and three-dimensional sand-piles the horizontal and vertical

force distributions are estimated using the Jenike solutions for converging hoppers

For a two-dimensional sand-pile, a formal exact parametric solution is presented fo

the special case of the angle of internal friction equal to ninety degrees. Next, a

sand-pile that is not entirely at yield is proposed, which has an inner dead region
and an outer yield region. From this model a solution is determined which is not

unique but does predict the dip in the vertical force as suggested from experimenta
work.
Finally, the exact parametric solution for the two-dimensional sand-pile problem

for an angle of internal friction equal to ninety degrees is exploited to solve th
of granular materials in the presence of gravity through a converging wedge shaped
hopper, which are used in many industrial situations. This is the only known exact
solution of these important equations which involves two arbitrary constants.
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Chapter 1
Introduction

1.1 B ackgr ound

Granular materials are commonplace in everyday life. They are found in the kitchen
cupboard in the form of sugar and coffee, at the beach where waves continually
reshape the sand dunes, and in the workplace where numerous industries handle

granular materials of all shapes and sizes. This wide diversity of occurrence in e
eryday life has given importance to the study and understanding of the behaviour

of granular materials. For many industries, and indeed the economies of some coun-

tries such as Australia, being able to accurately predict the behaviour of granula

materials under different conditions is vital to their survival and continued grow

Granular materials are generally made up of two parts, solid particles and a fluid

environment in which the solid particles are immersed. Depending upon the relative
proportions of the two parts, the fluid environment may or may not be important.
Accordingly, granular material behaviour spans the entire spectrum ranging from
1
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essentially fluid behaviour, but which is slightly perturbed by the presence of a

small number of particles, through to granular-solid-like behaviour for closely p
arrangements. Consequently, granular materials constitute an intermediate state

between solids and fluids and can behave like either, depending on the bulk densi

of the solids particles 0, that is the mass of solid particles per unit volume. T

for some critical value pc, fluid-like behaviour occurs for p < pc and granular-so
like behaviour occurs for p > pc. When density fluctuations occur throughout the
material, unusual physical phenomenon can occur. In addition, when examining a

given flow behaviour, the question as to whether it is the fluid environment or t

solid particles that dominate the problem, needs to be considered. The two proble

considered in this thesis are essentially static problems where dynamic flow does

occur. This means that the solid particles dominate the problem and the influence
of the fluid environment is not critical.
The mechanical properties of granular materials are characterised by consider-

able strength in compression and little or no strength in tension. Their static b

haviour is dominated by inter-particle friction while their dynamic behaviour hin

on their capacity to expand the void space, that is to dilate. This means that in
reality, granular materials cannot flow without dilation and consequent decrease
the density p. However, unlike a fluid, the pressure in a granular material does

not increase with depth. The weight of the material in a container is taken up by

inter-particle friction and by the particle-wall friction, so that the pressure b

a high column of granular material is frequently so small as to be negligible. Fo

this reason, huge hoppers readily block up at the outlet because the weight of th
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material above has little or no effect and the pressure at the outlet is essentiall

In 1773, Coulomb [18] proposed that the resistance to slip in a granular material is
comprised of two physical processes, namely a cohesive strength represented by the

parameter c and inter-particle friction represented by i± = tan 6, where c- is refe
to as the angle of internal friction. Coulomb postulated that slip occurs when the

value of shear stress exceeds the combined resistance arising from these two physica
effects. This postulate is the foundation upon which the classical continuum theory
of granular materials, which is used throughout this thesis, is based upon.
A well known example of a static friction phenomena is that all conical sand-piles
possess the same angle of repose 9r, irrespective of their size. By considering the
equilibrium of a surface particle, the angle 9r is determined from the equation

mg sin 9r = c + mg cos 9r tan S, (1.1)

where 9r is taken to be the angle between the slope of the sand-pile and the horizon

base, m denotes the mass of a single particle, and of course, g denotes acceleration
due to gravity.
Examples of unusual dynamic phenomena include density waves in the outflow

of hoppers (Baxter et al [9]), segregation arising from the penetration of fine particles through the void space (Williams [56]), heap formation and the formation of
convection cells under vibration (Clement et al [17] and Gallas et al [23]) and of
course better known phenomena such as landslides and avalanches. Segregation,

heap formation and convection cells are all related to the sifting of small particle
through the void space and this process is considerably enhanced by vibration. For
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example, it is well known for material transported by conveyor belts to separate th

particles, with the fine particles underneath and the coarse particles on top (Gall

et al [24]). Convection cells arise because fine particles tend to be more friction

after penetrating to the bottom are compacted by the heavier particles. On vertical
vibration, this compaction prevents downward movement of the heavier particles,
but the upwards movements allows the smaller particles to run in under the heavier

particles. Consequently the smaller particles are locked into position, and the hea

ier particles rise forming convection cells. Strangely enough, the denser the heavi

particles are, the easier it is to get them to rise under vibration (Williams [56])
Because granular materials exhibit such diverse and complex behaviour, they
have attracted as much attention from physicists as from mathematicians and en-

gineers. Bideau and Hansen [10] found that particle-particle interactions are short

range, inelastic with energy dissipation and depend on the history of contact, size

and shape of the particles, and this configuration constitutes one of the most complicated, many body systems found in nature. They provide a model for complex
phenomena such as earthquakes, forest fires, fluctuations in the stock market and

the change in the weather, and have given rise to the notions of "self-organised cr
icality" and "theories for everything" (see Mehta and Barker [44] and Jaeger and
Nagel [32] for general review articles).
The question arises as to how to create an effective mathematical model of granu-

lar behaviour which is capable of successfully predicting macroscopic flow pattern
terms of physically meaningful and measurable material parameters. Real granular
materials are not readily defined, in that real materials are not regular arrange-
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ments of spherical particles, nor is their flow behaviour readily explained and ther

is no single generally accepted theoretical formulation. This is because the physica
characteristics (particle size, porosity, packing, etc) of different materials give
to behaviour which is so complex and variable that a single model is unlikely to

account for the behaviour of all granular materials under all practical or experimen
tal conditions. Mathematical models range from traditional continuum mechanics
(Spencer [52]) to statistical mechanics (Kim and Woodcock [41] and Rietema [46])
to molecular dynamics modelling (Allen and Tlldesley [2]) and cellular automata
modelling (Savage [47]) and various hybridizations of these basic approaches. All

theories make some speculation at the microscopic level as to the basic interaction

between adjacent particles and since the underlying physics is uncertain and not we

understood, this is the weak link which is common to all existing theories. Even for

an isolated system comprising only two frictional particles which can collide and r
around each other, the physics is by no means properly understood.

1.2 Basic equations

Throughout this thesis the classical continuum theory of granular materials is used

to examine the formation of stable vertical cylindrical tunnels called rat-holes, an

in determining the horizontal and vertical stress distributions at the base of a san
pile in order to explain an observed dip in the experimental stress profile. At the
heart of this theory is a quantity denoted by a, which is the stress at a point in
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X

Figure 1.1: Stress components acting on faces of a rectangular block whose sides
are parallel to the coordinate axes. For clarity the stress components acting on the
hidden surfaces have been omitted.
material and, in simple terms, is defined by

- = £ (1-2)

where F is a force acting on the body of the material and A is the cross-sectional

area of which the force is acting upon. For a more in depth understanding of stres

Selvadurai [49] states that stresses within a body of material, or region, are th

of external forces applying on the body, or region. However, the measure of stress

a point within the body, or region, should be independent of the internal structur
of the body. This idea of independence leads to the notion of vector components

of stress at a point within the material that lie in the direction of the appropri

unit vectors. From Figure 1.1 it is clear that there are nine components of stress

which in the usual Cartesian coordinates (x, y, z) are denoted by axx, axy, etc. Th

stress components are expressed in such a manner that the first suffix refers to t
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direction of the normal to the surface on which the stress vector acts, and the

suffix refers to the particular component of the stress vector. Thus for example

corresponds to the component in the y direction of the stress vector acting on t

surface whose outward normal is in the z direction. Also, from Figure 1.1 it sho

clear that the quantities axx, ayy and azz are normal components of stress while t

remaining quantities axy, ayz, etc. are shear components of stress. It should be n
that the stress components are symmetrical, which means that axy = ayX} axz = azx.
and ayz = azy. Hence, there are only six unique components of stress.
Now, the classical continuum theory of granular materials is based on the assumptions that the stresses within the body are at equilibrium and at the point

yield. This means that the stresses must satisfy the equilibrium equations, whic
the usual Cartesian coordinates (x, y, z) are
daxx

daxy

daxy

daxz

oayy
+

uayz
+

"fro- ~dy~ ~dT

(\ 'W
= Pl

^

{ 6)

daXz dayz
dazz _
+
+
dx
dy
Oz ~Ph'

where p is the density of the granular material and fx,fy, and fz are forces th

act on the granular body as shown in Figure 1.2. However, in some problems it is

more convenient to work in a different set of coordinates. Indeed as the problem

considered in this thesis are either wedge or cylindrical shaped sand-piles, the

ideal to express the equilibrium equations in polar cylindrical coordinates (r,9,
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Figure 1.2: Forces on an rectangular element of granular material.

T o do this, assume the usual cylindrical polar substitutions

x = rcos0, y = rsin0, z = z.

(1.4)

where 0 is the angle between the positive r and x axes. Then from Hunter [31],
shows that

a

0~xx &xy

axz

o~xy am

ayz

O~r0 &90

o~xz ayz

azz

°~rz

rr

0~rg 0 r

agz

(1.5)

O-0Z az

where
cos 0 - sin 0 0

A

sin 0

cos 0

0

0

1

(1.6)

9
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This means that the equilibrium equations in cylindrical polar coordinates become
darr 1 dare darz arr — voe ,
dr
r d0

darg

dz

r

1 dagg

da0z

2arg

'

' a

'

/•, 7\

dr r d0 dz r

daTz ldagz dazz aTZ
a

an

— PJzi

dr
r d0
dz
r
where fr and fg are the appropriate combination of fx and fy. The equilibrium
equations (1.7) can be simplified further upon noting that both the wedge-shaped
sand-pile and the cylindrical sand-pile have a symmetry around an axis, namely
the z axis for the wedge-shaped sand-pile when the origin of the coordinate axis
set at the vertex of the sand-pile (see Figure 5.2, page 92), and the 0 axis for

cylindrical sand-pile. This gives rise to the assumption that the stress distribu
is symmetric around the appropriate axes, and for the cylindrical sand-pile the
equilibrium equations become
darr darz arr - agg
dr dz r
(1.8)
darz
dazz
arz
dr + ^~
dz + —r

= Pfz-

A similar reduction can be done for the wedge shaped sand-pile.
As previously stated, the classical continuum theory of granular materials as-

sumes that the material is at the point of yield. This assumption is incorporated

into the mathematical model by assuming that the stresses within the granular bod

satisfy a yield condition which defines how the material yields. There are many s

yield conditions (see Hunter [31] for examples), however, within this thesis only

Chapter 1: Introduction

10

Figure 1.3: M o h r Circle diagram for the Coulomb-Mohr yield condition.
Coulomb-Mohr yield condition is considered, namely

\T\

= c — 0* tan 5, (1.9)

where c is the cohesion and a* and r denote the normal and tangential components

of compressive traction, which throughout this thesis are assumed to be positive

tension. This is the usual convention in continuum mechanics that positive force
assumed to produce positive extensions. From the Coulomb-Mohr yield condition,

the Mohr Circle diagram in Figure 1.3 is deduced. This enables the stresses to b
expressed in the standard decomposition

arr = — p + q cos 2IJJ, azz = —p — q cos 2?f. arz = q sin 2v. 0-A0)

where p and q are defined by

P=-\i*rr+ *«), q=\{(*rr- *»? + ^^ . (1-H)

11
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and i> is given by

2ar

tan 2v

(1.12)

(arr — azz)'

where physically if) is the angle between the maximum principal stress axis and th
radial direction, in the direction of increasing 0.
In Figure 1.3, the quantities denoted by aj and am are the maximum and
minimum principal stresses respectively, such that

(1.13)

07 > 0// > 0///,

where an denotes the intermediate principal stress. The principal stresses are eigen-

values of the stress matrix, and therefore for an axially symmetric stress distri
around the 0 axis, the principal stresses must satisfy

_) >pf

Lb

(J Y

Orz

°zz ~ P

0

0

0
0

= 0,

(1.14)

agg- p

where p denotes a principal stress and the intermediate principal stress ajj is assumed to coincide with the hoop stress agg. Solving (1.14) for p, gives
ai = - Uarr + azz) + [(arr - azzf + 4a2] ' j ,
(1.15)

O-III = ^ {(a-r + °zz) ~ [(--Vr ~ ^zzf + 40?2] ' | •

Therefore, following Shield [50] it can be shown that upon using (1.15), the Coulo
M o h r yield function becomes

a i — am

= 2c cos 6 — (aj + am) sin 6,

(1.16)

12
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Figure 1.4: T h e yield pyramid surface in principal stress space (01,02,03).
which upon solving explicitly for 0/ gives
1/2

0/ = 2c
.1 + /*

+

1-6
oiu,
1+ 3

(1.17)

where again noting that (3 = sin S. Also from Figure 1.3, it should be noted that fc
denotes the unconfined yield strength which is defined by 0/ = 0 when am = — fc,
so that from the Mohr Circle diagram, or directly from (1.17), the unconfined yield
strength can be expressed as

fc = 2c

i+£

1/2

(1.18)

1-3
where (3 = sin 6" and 8 is the angle of internalfriction.N o w . equation (1.17) gives

rise to the concept of a yield pyramid which describes the possible states of stres
which the granular material may yield, as shown in Figure 1.4. The yield pyramid

is usually represented in three-dimensional principal stress space with a rectangul
Cartesian coordinate (01,02,03) denoting a typical point, and the seven possible
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Yield function

Stress state

B

01 = 0 2 >

E

000 > 01 =

000

(1 + sin5)0i = 2ccos5 + (1 — sin 8)a(i^

02

(1 + sin 5)000 = 2c cos 5 + (1 — sin 5)02

AB

01 > 02 > 00,/,

(1 + sin 5)0i = 2c cos 5 + (1 — sin 5)000

EF

000 > 01 > 02

(1 -I- sin 5)000 = 2c cos 5 + (1 — sin 5)02

A

01 > 000 = 02

(1 + sin 5)0i = 2c cos 5 + (1 — sin 5)000

F

000 = 01 > 02

(1 4- sin5)000 = 2ccos5 + (1 — sin5)02

AF

01 > 000 > 02

(1 + sin 5)0i = 2c cos 5 + (1 — sin 5)02

Table 1.1: The seven possible plastic regimes for axially symmetric deformations.

plastic regimes available for axially symmetric stress states arise from the gene

plane 03 = constant. Points on the varying hexagon represent all the possible plas

principal stress states given by (1.17) and are given in tabular form in Table 1.1
Therefore, from (1.15), (1.17) and (1.18) the stress decomposition (1.10) can be
rewritten in terms of just two unknown variables 0 and ip, namely

arr = a(Pco82tl>-l) + (l-0)^t

azz = -a({3cos2iP + l) + (l-(3)^, (L19)

arz = 0a sin 2tp,

where a is defined from the Mohr Circle diagram (Figure 1.3). If (1.19) is substi-

tuted into the axially symmetric equilibrium equations (1.8), then two differentia
equations are determined for 0 and ip, noting that the hoop stress 000 can be ex-
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pressed in terms of 0 and ip using Table 1.1 and (1.15). These differential equation
are examined in the following Chapters.

1.3 Overview of thesis
In this thesis, two important problems in granular materials using the classical
mechanical continuum theory for granular materials are considered and are outlined
below.
In Chapter 2, the formation of stable and almost vertical cylindrical cavities

in stockpiles and hoppers, called "rat-holes", is examined. Figure 1.5 shows a large

stockpile silo containing a stable rat-hole which is impeding the process of recla

the granular material from the silo. Figures 1.6, 1.7 and 1.8 show the stable rat-ho
within the silo. Figure 1.7 is of particular interest in that it shows a stable and

unstable rat-hole within the same silo, noting that the silo has more then one recla
hole. The unstable rat-hole has collapsed and the granular material is able to be
reclaimed from that reclaim hole, whereas the stable rat-hole prevents any of the
granular material to be reclaimed. Here, these rat-holes are examined using the

classical rat-hole theory of Jenike [34] and Jenike and Yen [37]. It is shown that t

so-called "stable rat-hole equation", which is widely used in practice, is incorrec
to an approximation made by Jenike and his coworkers being invalid. For certain

plastic regimes, new exact analytical solutions are determined for two special cases
of the angle of internal friction and one of these exact results may be used as the
basis of an approximate solution for small angles of internal friction. It should

Chapter 1: Introduction

Figure 1.5: A large stockpile silo containing a stable rat-hole.

Figure 1.6: A stable rat-hole within the silo.
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Figure 1.7: A stable and an unstable rat-hole within the silo, where the unstable
rat-hole has collapsed.

Figure 1.8: A picture of just the stable rat-hole.
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be noted that Jenike's original theory assumes a symmetrical stress distribution
which is independent of height. However, in practice rat-holes tend to exhibit some
tapering with height. Therefore in Chapter 3, the formation of rat-holes that have
stress profiles corresponding to a symmetrical but slightly tapered circular cavity
examined. Stress distributions are found which are a perturbation of those arising
from classical theory, and separable solutions involving exponential functions in
height are used to "mimic" a slightly tapered rat-hole. Some numerical examples
are presented and departures from classical theory are shown graphically.
In Chapter 4, for an existing rat-hole and assuming a shear-index granular ma-

terial, the limiting stress profiles are determined. It should be noted that existin
theory only applies to the Coulomb-Mohr yield function. A shear-index material is

one for which failure due to frictional slip between particles occurs when the shear
and normal components of stress r and a satisfy the Warren Spring equation

where c, t, and n are positive constants which are referred to as the cohesion, tens
strength and shear-index respectively, and the known experimental values of the
shear-index indicate that for certain materials n lies between the values 1 and 2.
The value n = 1 corresponds to the standard Coulomb-Mohr yield function while
the value n = 2 permits some further analytical investigation, and stress profiles
for these two values constitute bounds for those shear-index materials for which

Kn<2.
In Chapter 5, the determination of the horizontal and vertical force distributions
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at the base of a sand-pile is examined and which has become a famous problem
in granular theory. In 1981 it was suggested from experimental work of Smid and

Novosad [51] that the peak vertical force at the base does not occur directly beneat
the vertex of the pile, but instead at some intermediate point so that there is a
ring of maximum vertical pressure. Practising engineers have some reservations on
this result, and since that time, numerous discrete theoretical and computational
models of granular sand-piles have been proposed to explain this phenomenon, with

varying degrees of success. Here, for two-dimensional sand-piles, the horizontal and
vertical force distributions are estimated using the proper continuum mechanical

theory of granular materials. For an infinite sand-pile the force distributions at a

certain height are determined, and it is argued that these forces should approximate

those for a sand-pile of finite height resting on a horizontal surface. The classica

Jenike radial flow solutions for granular flow in a converging wedge are adapted and
exploited in determining a solution. Numerical results indicate that for realistic

angles of internal friction there is no solution satisfying all the necessary bound

conditions. However, a formal exact parametric solution is presented for the special
case of an angle of internal friction equal to ninety degrees, which coincides with

the full numerical solution. The special exact solution is a bona fide solution of t

stated problem but does not predict the dip in the vertical force which is suggested
from experimental work. An alternative formulation is proposed using a slight!}'
more general form of the stresses in the sand-pile and a numerical solution for the

special case of an angle of internal friction equal to the angle of repose is deter

However, this solution exhibits a non-zero stress arg at the centre of the pile and i
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therefore non-physical. Finally, a sand-pile that is not entirely at }ield is propos
but which has an inner dead region and an outer yield region. From this model a

solution is determined, which is not unique, but does predict the dip in the vertica
force as suggested from experimental work.
In Chapter 6, the horizontal and vertical force distributions for three-dimensional
sand-piles are estimated in a similar manner as for those for the two-dimensional
sand-piles in Chapter 5. Again, it is shown that for realistic angles of internal
friction, there is a solution such that the sand-pile is not entirely at yield, but
has an inner dead region and an outer yield region. From this model a solution is

determined that does predict the dip in vertical force as suggested from experimenta
work.
Finally, in Chapter 7 the special exact solution for the horizontal and vertical

force distributions within a two-dimensional sand-pile for an angle of internal fric

equal to ninety degrees is exploited to solve the problem of granular material falli
under gravity through a converging wedge. This is the only known exact solution
of this important problem involving two arbitrary constants and a full numerical
solution is shown to coincide with the special exact solution. It should be noted
here that the accuracy of the mathematical results within Chapter 7, and indeed
the entire thesis, have been verified using MAPLE, which is a high powered symbolic
algebraic computer package.

Chapter 2

Cylindrical cavities and classical
rat-hole theory

2.1 Introduction
The formation of stable circular and almost vertical holes in stockpiles and hoppers
is a significant practical problem. This frequently occurring phenomena is sometimes
referred to as "piping", and the holes themselves are known as "rat-holes". In the

mineral and mining industry, once a rat-hole forms in a stockpile, it tends to remain
there because the material around the hole dries out and sets as a solid material.
Practising engineers believe that the classical rat-hole theory enunciated by Jenike

[34] and Jenike and Yen [37, 38] does not accurately reflect actual material behaviou
In addition, there is a view that classical theory does not account for the correct
physics of the problem because the apparent material cohesion arises from water
pressure capillarity in a thin layer around the hole (see Gudehus [26]). Despite this
20
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Figure 2.1: Schematic drawing showing a rat-hole in a stockpile.

latter point of view, the classical theory is re-examined here and in particular, the
validity of the Jenike stable rat-hole equation (2.6) is examined, which is widely
used by engineers in many granular material industries (see for example, McBride

[43]).
Typically, a stockpile rat-hole appears as indicated in Figure 2.1, where 0 denotes

the angle of repose, 5* is approximately the angle of internal friction 5, and a denot
a small angle. From Figure 2.1, the question arises as to what is the difference
between the angle of repose and the angle of internal friction. Indeed, equation
(1.1) shows that for a cohesionless granular material, the angle of internal friction
and the angle of repose are the same. However for cohesive granular materials, it
is clear that the angle of repose and the angle of internal friction do differ. This
difference comes directly from assuming the Coulomb-Mohr yield condition (1.9),
which introduces the distinction between the angles.
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For the idealised situation of a vertical circular rat-hole (a = 0) and with the
axis as shown in Figure 2.1, the mathematical problem is to solve the equilibrium
equations

darz arz darr (aTT — 000) to -\\
—— + — =
dr r dr r

pg,

+ _.

___\ = 0,

\2.\)

subject to the boundary conditions that the surface of the hole of radius r0 is stre
free
arz = 0rr = 0 for r = r0. (2.2)

where p is the bulk density of the material, 0 is the acceleration due to gravity.
arr,arz, etc. denote the stresses in a cylindrical polar coordinate system (r,(p,z),
and which following Jenike [34] are assumed to be independent of 0 and z. In
addition, the material is assumed to satisfy the Coulomb-Mohr yield condition

\T\

= c-0* tan 5, (2.3)

where c is the cohesion and 0* and r denote the normal and tangential components
of compressive traction, which here is assumed to be positive in tension. Namely,
the usual convention in continuum mechanics that positive forces are assumed to
produce positive extensions is adopted.
Following Jenike [34] and Jenike and Yen [37, 38]. the first equation of (2.1)
trivially integrates to give

P9
aTZ =

T
2 1 °r)'
— I r-

(24)

and on introducing the stress-angle ip which is defined by (2.10), Jenike [34] and
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Jenike and Yen [37, 38] m a k e use of (2.4) to deduce
dip sin 2ip ((1-p cos 2ip)r (1 + 3)
dr
(cos2iP-/3)\

(r2 - r2Q)

(2.5)

2r
) •

where (3 denotes sin 5, and which for the plastic regime A is subject to the conditi
ip = 0 at r = r0. Now on making use of (2.13)3 and (2.18)i with (2.4) and (2.5) and

using ^'Hopital's rule for (3 f- 1, then the following result may be deduced, namely

where fc denotes the unconfined yield strength defined by (2.12). In principle then,
(2.5) may be solved subject to ip zero at r = r0, and on equating the gradient of v
at r = ro to pg/fc, the rat-hole radius r0 may be supposedly determined. Moreover,
for 1/3 < (3 < 1/2 the classical theory then proposes that any rat-hole of radius

Ro, where Ro < ro is stable and this criteria is known as the Jenike stable rat-hole
condition (see Jenike and Yen [37], page 20). Further, for 7r/6 < 5 < 7r/2 (namely,
1/2 < (3 < 1) Jenike and Yen [37, 38] determine dip/dr at the "constant" ip and r
values for which both the denominator and the expression in the curly brackets of
(2.5) both vanish. Thus from cos2ip = /3, r/r0 = {2/3 - 1)~1/2, f Hopital's rule and
solving a quadratic, gives rise to

and the question arises as to how useful either estimate of the gradient actually
is. In this Chapter, it is showed that both estimates are completely inaccurate and
moreover that equation (2.6) is not an equation for the determination of ro, but

rather is a mathematical identity applying to any solution of (2.5) such that ip = 0
at r = ro.
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In the following Section the necessary basic equations for the two plastic regime

A and F are presented, and in terms of the cohesion c, the two basic equations fo

ip and 0 which are defined by (2.10) (see also Figure 1.3) are formulated. In the

subsequent Sections the special results applying for A and F respectively are de-

tailed, including exact solutions applying for [3 zero and (3 unity and an approx
solution valid for small /?, noting however that the case 3=1 has a well-defined
mathematical meaning, but such materials do not occur in practice. In Section 2.5

the five other plastic regimes are considered and it is showed that results for r
B and AB are similar to regime A, results for regimes E and EF are similar to
regime F, and for the plastic regime AF it is not possible to directly determine

differential equations in terms of ip and a defined by (2.10) because in this cas
000 is indeterminant in terms of the maximum and minimum principal stresses. In

Section 2.6, a simple Runge-Kutta scheme is used to determine a numerical solutio

which is related to the various exact and approximate solutions given in previous
Sections. Finally, it is should be noted that other available analytical methods
be found in Drescher [21].

2.2 Basic equations for plastic regimes A and
Following the notation adopted in Hill and Wu [27], it is assumed that the three
algebraic maximum, intermediate and minimum principal stresses are denoted by
au 07/, and ain respectively, such that the Coulomb-Mohr yield condition becomes
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where again c denotes the cohesion and f3 = sin 5 where 5 is the angle of internal

friction. The principal stresses are the eigenvalues of the stress matrix and there

07 = X { (°Vr + °zz) + {arr ~ ° zzf + 40?2] J .
(2.9)
1

-"7/J

=

ir

\
arr +

9i(

\t
zz

\2

2 l1/2!

A

0

zz +

° > ~ If "" ~ ° >

rz

\ J

along with the intermediate principal stress ajj coinciding with the hoop stress 000.
Now on introducing a and ip as shown in the Mohr Circle diagram (see Figure 1.3),
gives

arr — azz = 2(3a cos 2ip, arz = 3a sin 2ip,

(2.10)

while from (2.8) and (2.9) it m a y be deduced that
1/2

(3{arr + azz) + [{arr - azz)2 + 4a22]

= (1 - 3)fc,

(2.11)

where fc denotes the unconfined yield strength which is defined by 0/ = 0 when
am = —fc, so that (2.8) gives
/c = 2c

!_+£

1/2

(2.12)

.1-/3,
Now, from (2.10) and (2.11) it m a y be deduced that
arr = a(f3cos2iP-l) + (l-r3)^,

azz = -a((3cos2iP +!) +

arz = Pa sin 2ip.

(!-(3)^.

(2.13)
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Moreover from (2.13), (2.9) becomes

07 = -(1 - P)a + (1 - P) A am = _(i + 0), + (i _ £) A. (2.14)

The yield condition (2.8) is usually represented by a pyramid surface in three-

dimensional principal stress space with a rectangular Cartesian frame of referen

(01,02,03) denoting a typical point (see Figure 1.4), and the seven possible pla

regimes available for axially symmetric stress states arise from the general pla

03 = constant. Points on the varying hexagon represent all possible plastic prin

stress states given by (2.8). These stress states are given in tabular form in Ta

For further details see either Hill and Wu [27] or Cox, Eason and Hopkins [19]. I
is clear from Table 1.1 that for plastic regimes A and F
^

:

a

l = [T—ftl ifc + Viw)

(°7 > ^00 = 0///)^
(2.15)

F

'•

G

H = ( •, ,a j (fc + a m ) (°7 = 000 > 0///),

so that for the plastic regime A, the hoop stress 000 is given by

000 = - ( ! + /-> + (I-/?) A ,

(2-16)

while for the plastic regime F,

^00 = - ( 1 - / 3 V + ( 1 - / ? ) T 2 | -

(2-17)

N o w from the stress free boundary conditions (2.2), and relations (2.10)2 and

(2.13)i, the following possibilities at r = r0 arise. For P ^ 0 or 1, the boundar
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conditions become

tf = o,

*=A

(P^OA)
!.18)

*-'.• - M T 3 \ «""»
while for P tending to zero they are

fc

x > = 0 , <7 = ^ ,

(/J-rO)
(2.19)

(rf

*=!• * = 4 -°>
and for P = 1 gives
V" = 0, 0 = anything, (/j = 1)
(2.20)
0 = anything,

0 = 0.

(d = 1)

Further, from the differential equation (2.1)2 and the relation which is obtained f
(2.4) and (2.13)3, namely
asin2ip = A (r - ^ J , (2.21)
where the constant A denotes pg/2P, the following differential equations may be
deduced
dtp
dr

sin2ip
{cos2ip-p)

f (1-/3cos2ip)r
{
(r2-rl)

(l + e/3)

2r

1/2

da
dr

a

2

\2
A^
r —

-pa

(2.22)

1/2

r

a2-\2

r

-

2
+ 0 > = -2JA

r-i°
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where e = +1 for the plastic regime A and e = — 1 for the plastic regime F. In view

of the relation (2.21), for each plastic regime, these two differential equations ar
not independent. In the following two Sections some simple exact and approximate
analytical solutions of these equations which have not been given previously are
presented. The exact solutions apply for the special cases of 3 tending to zero and
P unity, where P denotes sin 5. The special case P = 0 may be viewed as a limiting

situation of the yield condition (2.3), that is \T\ = c. The solutions presented in t

following Section are exact solutions of (2.22), except that for 3 zero, the solutio
is a limiting case and appropriate care must be made in terms of the interpretation
of such formulae.

2.3 Exact and approximate solutions for the pla
tic regime A

In this Section for the plastic regime A, the special solutions of (2.22) subject t

conditions (2.18) - (2.20) are derived. Firstly, some transformations of the v equation, namely (2.5) or (2.22)i with e = +1, axe made. On making the transformation

u=(l + cos2u0"1, (2-23)

it is found that equation (2.5) becomes

[1 - (1 + 0)u] £ = -2pil [(1 + /?)(-- + rl)u - 2*2], (2.24)
dr

r(r2 — rfc)

L
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which is an Abel equation of the second kind (see for example Murphy [45]. page
25). Now, on making the further transformation

U=

2

+

2(l+/?)(r-r2/r)2'

(2 25)

'

equation (2.24) eventually becomes

where primes denotes differentiation with respect to r and £ denotes (r — rjj/r).
From (2.26) it is clear that the special cases p = 0 and 3 = 1 can be readily
integrated. In addition, equation (2.26) is linear in 3 and therefore suitable to
deduce an approximate solution of the form

v(r)=v0(r)+pVo(r) + 0(P2). (2.27)

If -7approx denotes any estimate for v, then from (2.23) and (2.25) it may be ded
that an approximation for ip is given by

tan2^ = yr°* 2" (2.28)

(l + P)(r-rl/rf
2.3.1 Exact and approximate solutions for small (3

From (2.26) and (2.27), differential equations for v0 and V0 are determined, namel

(2.29)
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and the first equation may be readily solved to yield

vo{t,) = C-e±{C2-2Ce)l/\ (2.30)
where C denotes the constant of integration, and it is observed that the solution
remains valid only for £ < (C/2)1/2. Outside this range the solution v0 = 0 is
adopted. Now as described in Appendix A, on making use of (2.30) the following
expression for the solution of (2.29)2 may be eventually deduced
(C2 - 2CZ2)1'2

Vo{.) =

2

2C (C -

l2

- C
2 1/2

2C_ )

[c2-2cey +c\n{e[z+{e+±r2yi2}}
(2.31)

+2(C2+%Cr2)ll\F{1,v)-E(1,v)}+2Z{C2-2CeJ'\e+<Y112

where F{*y, v) and £(7, v) are elliptic functions of the first and second kind res
tively and are defined in Appendix A, with 7 and v defined by

7 = sin l

where the minus sign has been assumed in (2.30). Note that the solution (2.31) also

remains valid only for £ < {C/2)1/2 and outside this range, the solution of V0 = 0 i
adopted, which is a bona fide solution of (2.29)2 provided v0 = 0 in this region.
Now either making use of (2.25) and (2.30), or by direct integration of (2.24)

with P zero, the following exact solution applying for zero angle of internal fric
may be deduced
cos^ = i{lT(l-^2-f2)1/2}, (2-33)
where k is related to C by the equation k2 = 2/C. It is observed from (2.33) that

the two possible conditions at r = r0, ip = 0 or ip = 7r/2 arising in (2.19). are bo
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feasible and correspond to the plus and minus signs respectively. Further, upon
examining the relation (2.21), gives
P9 f

0 =

w [{i ± (i - k2ef/2} {i =F a - ^ 2 ) 1 / 2 }] 1 / 2 '

from which a constant may be deduced and given by
P9

0

(2.34)

2pk'

and therefore from both the conditions (2.19) at r = ro, the constant k = pg/fc-

Clearly, this exact solution of the differential equation (2.5) for the case 3
be interpreted as an asymptotic solution which may be made rigorous by simply

rescaling a with respect to p. This special case is instructive because it make

it clear that the arbitrary constant k (or C) is not necessarily determined by

condition on ip at r = ro, but rather by the condition on a at r = ro. Thus, in
summary the exact solution for P tending to zero is given by
cos ip = - <

}, 0

A

(2.35)

23'
where the -f corresponds to ip = TT/2 or ip = 0 respectively. From these results

and the relations (2.13) and (2.16) the following expressions for the stresses
determined
1/2*1

0rr = -fCSm21p

=

•

-

-

<

1± 1

P__\

2

1/2)
2

0 Z Z = -fccos ip =

2

IT

'P9£
1,fc.

pg
Vrz = fcsinip cos ip = -—•_,

(2.36)
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and 000 = —fc. Note that this is a well-defined solution of (2.1) and (2.2) only fo

the positive case of (2.35)i, even though the negative case of (2.35)i does give r
to tp = 7r/2, but does not lead to arr vanishing at r = r0.

2.3.2

Exact solution for (3 unity

For P unity, (2.26) becomes
, f v dv

)

which upon recalling that £ = {r-r^/r) and assuming v ^ 0, simplifies considerably
to become
dv
dr

4_?
r

(2.38)

N o w (2.38) integrates easily to give
v{r) = 2 [r2 - r*/r2 - 4r 2 log {r/r0)} ,

(2.39)

and note that the constant of integration is zero for boundary condition (2.20)i.
From (2.23), (2.25) with P = 1 and (2.39), the exact solution of (2.5) for the
case P = 1 may be deduced, namely

cos2 ip =

{
or2

_~^{f

(

, ,v (2"4°)
2 [r2 - n - 2r^ log (r/r0)j

and (2.21) gives
a.=

P9 [r2 - r l - 2rjj log (r/r0)}
2 [r 2 -r4/r 2 -4r 0 2 log(r/r 0 )] 1/2 '

^ ^
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From (2.13) and (2.16) it is found that in this case
1/2

<-„ = -2<-sinV = - f {r- - Tf - irl log ( 1 ) }

V2 /

*„ = -2<-cos^ = - f |r- - £ - 4r'log ( f ) }

JOO

9\2

(r - 7°) .

(2.42)

/ V i

0 r2 = 20 sin ip cos ^ = —
2

r

V

I,
r

)

and 000 = —20, where 0 is given by (2.41) and this is a well-defined solution of
and (2.2). As noted in the numerical results, it is not possible to utilise this
solution for P = 1 as the basis of an approximate solution valid for 3 close to

because the solution characteristics are quite different for 3=1 and for 3 7- 1,

the sense that ip has an infinite gradient at r = ro for 3 = 1, while for 3^1 the
gradient is finite.

2.4

Solutions for the plastic regime F

In this Section the corresponding formulae for the plastic regime F are given. On
making the transformation
u=(l-cos2iP)-\ (2.43)

equation (2.22) 1 with e = — 1 becomes

[1 - (1 - f)u\ j- = ^y\ [(1 - 0) (r2 + rl) u + 23r>] . (2.44)
J
V
dr r(r2 — TQ) L
'
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which is precisely equation (2.24) except that P in (2.24) is replaced by -3. Thus,
from the transformation

u=

1
v
H
2
2(1 - P)(r - r2/r)2 ,

(2-45)

(/-Vl)

the following differential equation for v{£) is obtained

where as before primes denote differentiation with respect to r and £ denotes (r
An approximate solution ^approx of the form (2.27) may be deduced by simply replacing P by — P, and in place of (2.28) it can be shown that for 3 7- 1.

cot ip =

-"approx

(2.47)

{l-P){r-r2/ry

For P tending to zero the approximate solution (2.27) may be used, but with

0 replaced with ~P and from the results of the previous Section the leading term
becomes
2\ 1/2'

"t-.HHf)

0

=

2fr

(2.48)

where here the ± corresponds to ip = ir/2 and ip = 0 respectively. From the relations
(2.13) and (2.17) the stresses become
2

0rr = ~fcSm 1p

fc

= - y < 1±

1

P9i\
Jc)

1/2*1

>,

1/2*1

0*z = ~fcCOS21p=

--£ <

(2.49)

IT
' - ( * ) '

0r* = fcsinipcosip = y £ .
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and again aH= -fc. In this case this is clearly a well-defined solution of (2.1) and
(2.2) only for ip = 0, namely taking the minus sign in (2.48).
For P unity the transformation (2.45) is invalid, but instead directly from equation (2.43) and (2.44) with P = 1, ip is given by

cot2</; = C(r2-r2)2. (2.50)

where C denotes an arbitrary constant. Further, from (2.21)
l + C(r2-r2)21

a=™

(2.51)

rC1'2

may be deduced. Thus, from (2.13) and (2.17) the stresses become
arr = —2a sin2 ip =

2rC 1 / 2 '

a„ = - 2 0 cos2 iP = - g C 1 ' 2 (r2 - r 2 ) 2 .

(2.52)

pg ( rH\
arz = 2a sin ip cos ip = —

Ir

] ,

along with 000 = 0. It is clear from these expressions that there is no finite value
of the arbitrary constant C which produces a solution of (2.1) and (2.2) such that
arr vanishes along r = ro. Thus an approximate solution of the from (2.27) is not
meaningful in this context.

2.5 Other plastic regimes
In this Section the plastic regimes AB and B are shown to be similar to regime A.
while EF and E are similar to regime F. Finally, the regime AF is examined for
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which the hoop stress is unable to be determined in terms of the variables 0 and
defined by (2.10), and hence the equilibrium equation (2.1)2 cannot be solved.
For regimes AB and B the hoop stress is always the minimum principal stress.
Therefore, from the Mohr Circle diagram (Figure 1.3) the expression for the hoop
stress is found to be given by

000 = -(1 + /-)<T + (1-/?)A

(2.53)

noting that this is the same as for regime A. Now, as the results (2.13) and (2.1

hold for all seven plastic regimes, then from (2.1)2, (2.13), (2.21), and (2.53) t

differential equations (2.22) with e = +1 are found to hold for both regimes AB a

B. This suggests that there is little difference between regimes A. B, and AB. Th
three stress states are defined by

A : 0/ > 0// = 000,
B : 0/ = an > aH, (2-54)
AB : 0/ > au > 000,
where 07,0//, and 000 are the maximum, intermediate, and minimum principal

stresses respectively. From (2.54) it can be seen that the main difference is the
location of the intermediate principal stress an. Note that for regimes A and B
that the intermediate stress aH can be determined, whereas for regime AB it is
indeterminant.
For regimes EF and E the hoop stress is always the maximum principal stress.
Therefore, from the Mohr Circle diagram (Figure 1.3) the expression for the hoop
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stress is found to be given by

000 = -(1-/3)0 + (1-P) A (2.55)

noting that this is the same as for regime F. Now again, since the results (2.13) a

(2.14) hold for all seven plastic regimes, then from (2.1)2, (2.13), (2.21). and (2.5

the differential equations (2.22) with e = -1 are found to hold for both regimes EF

and E. Again this suggests that there is little difference between the regimes E, F
and EF, for which the three stress states are given by

F : 000 = 0// > 0777,
E : aH>> au = aIU, (2.56)
EF : 000 > 077 > 0777,
where 000,077, and 0777 are the maximum, intermediate, and minimum principal

stresses respectively. From (2.56) it is clear that the difference lies in the loc

of the intermediate principal stress 077 and note that for regimes F and E that the
intermediate stress 077 can be determined, whereas for regime EF it is indeterminant.
The stress state for the plastic regime AF is given by

AF : 07 > 000 > 077/, (2"57)

and in this case an expression for the hoop stress 000 in terms of the variables 0
and ip defined by (2.10) is unable to be determined and therefore the equilibrium
equation (2.1)2 are unable to be solved.
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) with position for two angles of

internal friction (P = 0.2 and P = 0.5) compared with the analytical result (

)

as determined from (2.27) and (2.28).

2.6 Numerical results
Figure 2.2 shows the numerically determined variation of ip ( ) with position for
two values of the angle of internal friction (P = 0.2 and P = 0.5) as compared to
approximate analytical expressions ( ) obtained from (2.27) and (2.28). The
numerical curves are obtained by solving (2.22)2 for a with e = +1 using a fourth
order Runge-Kutta numerical scheme together with the condition a = fc/2P at

r = r0 and then ip is determined by (2.21). The constant ro is taken to be unity a

the density is assumed to be p = 0.7. Note that there is close agreement for small

and that the two results diverge with increasing r. Similarly, Figure 2.3 shows th
variation of a for both the numerical ( ) and approximate ( ) results for the

same two values of the angle of internal friction. From Figure 2.3 it is observed
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Figure 2.3: Variation of the numerical a (
) with position for two angles of
internal friction (/? = 0.2 and P = 0.5) compared with the analytical result (
)
as determined from (2.21), (2.27) and (2.28).

for small r the approximate solution for a does not agree closely with the numerica
solution, even though the approximate solution for ip does. This is because the
approximate solution for a was obtained from (2.21) using the approximate solution

for ip, and it can be seen that for small r, a small change in v will cause a large

change in a. For the special cases of P zero and p unity the ip variation with posi

is shown in Figure 2.4 and note there is exact coincidence with the analytical res
obtained from (2.35)i and (2.40) respectively and the full numerical solution.

Note that for /? = 1 and only P = 1 the solution has an infinite gradient at r = r0,
and therefore this exact solution cannot be used as the basis of an approximate
solution. Note that the infinite gradient for P = 1 also follows directly from the
differential equation (2.5) with (2.21) using the conditions v = 0 and a = 0 at
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(3=1

1.8

. 2.0
r/r0
Figure 2.4: Variation of the analytical ip for the two special values, 3 zero and
P unity.

r = r0. In order that the numerical solution follows the analytical solution fo
P = 1, namely (2.41), both ip and a must vanish at r = ro and these values are
adopted for the numerical scheme. Now, the value of da/dr at r = r0 needs to
be determined for the numerical solution, so consider (2.22)2 with e = +1 and
P = 1. It can be shown that (da/dr)r=ro becomes indeterminant as both numerator

and denominator vanish, and upon using £'Hopital's rule then the result becomes

complicated. However, an easier approach is to substitute (2.21) into (2.22)2 f
A(r — rl/r), and recall that ip = 0 at r = r0 to obtain
'da\
dr I

P 20
r r
^ -1- P r

(2.58)

which is valid provided P f- 1. If 3 = 1 then at r = r 0 there are two possibilities.
either (da/dr)r=ro is infinite if a ^ 0 at r = r0 or (da/dr)r=ro indeterminant as
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Figure 2.5: Variation of the numerically determined value of (du/dr)r=ro ( ) with
P for 0 < P < 1 and compared with the estimate obtained from (2.7) (

) over the

range 1/2 < P < 1 and compared with the analytical estimate of (dii'/dr)r=ro (

)

with P for 0 < P < 1 determined from (2.27) and (2.28).

both the numerator and denominator vanish if a = 0 at r = ro. From the fact
that (dip/dr)r=ro is infinite for P = 1, it follows from (2.21) that (da/dr)r=ro is
also infinite for P = 1. Thus, for P = 1 and any value of a at r = r0, it is found

that (da/dr)r=zro to be positive infinity. Accordingly from (2.58) it is seen that the
solution for P unity cannot be used to approximate a solution for P close to unity,
because their slopes are not close at r = r0.

Figure 2.5 shows the variation of the numerically determined value of (dip/dr)r=ro

(—

-) with P for 0 < P < 1 and compared with the positive estimate obtained from
(2.7) (— • — ) for the range 1/2 < p < 1. There are clearly large discrepancies be-

tween the Jenike estimate and the actual values of the gradient. Figure 2.5 also sho
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- 1 0i
Figure 2.6: Variation of numerically determined stresses arr,arz,azz and 000 with
position for P = 1/2.

the variation of the analytical estimate of (dy/dr)r=ro ( ) which is obtained
from (2.27), (2.28), (2.30) and (2.31) and is compared with the purely numerical
result. It is clear that this provides a very accurate approximation for (dip/dr)r=ro
in the entire range 0 < P < 1. This close agreement occurs because for small r
the analytical approximation is very close to the purely numerical result and these
results diverge for increasing r. Finally, Figure 2.6 shows the overall variation of
the numerically determined stresses arr,arz,azz, and 000 as a function of position
for the angle of internal friction 5 = 7r/6 (P = 1/2).

2.7 Conclusions
Within this Chapter the classical rat-hole theory of Jenike and his coworkers has
been re-examined and for the plastic regime A some new analytical results, both ex-
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act and approximate, have been determined. The exact results apply to the limiting

angles of internal friction, namely 5 = 0 and 5 = 7r/2, while the approximate solut

is valid for small angles of internal friction and is obtained by using the exact r

for 5 zero as the leading term. In addition, a fully independent numerical solution
has been determined which has been compared to the approximate analytical result

developed here as well as the estimate of {dip/dr)r=ro used by Jenike. It is conclude

that the numerical results obtained for regime A are accurate and compare well with
the analytical approximation for the various boundary conditions. However, the ap-

proximation made by Jenike and his coworkers does not give accurate results, and in

fact is invalid. It has also been shown that the so-called "stable rat-hole equatio
is simply a mathematical identity valid for any solution of (2.22)! with e = +1 for
which ip = 0 at r = r0.
It has also been noted that from the solution for regime A. the solutions for
regimes B and AB can be determined, except that the intermediate principal stress
for regime AB cannot be determined as it is indeterminant in terms of the Mohr
Circle diagram variables a and ip which are defined by (2.10). Similarly, from the
solution for regime F, the solutions for regimes E and EF can be determined, again
with the exception that the intermediate principal stress cannot be determined for
regime EF as it is indeterminant in terms of a and ip.

Chapter 3

Stress profiles for tapered
cylindrical cavities

3.1 Introduction
Stockpiles and hoppers are widely used throughout many mineral and mining industries to store and recover material. From a practical perspective, the desire is

to be able to efficiently remove material from the stockpile or hopper at a uniform
and uninterrupted rate of flow. Therefore, the occurrence of almost vertical tun-

nels inside stockpiles or hoppers, which prevents the flow of material, is an unwant
phenomenon, and an understanding of the conditions under which such phenomenon
occur is desired. These tunnels are commonly known as "rat-holes" and the pro-

cess of their formation is referred to as "piping". Once a rat-hole has formed in a
stockpile, the material around the surface of the hole often dries out and sets as
solid material. This makes the removal of rat-holes more difficult, and often they
44
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have to be destroyed manually and the stockpile completely reshaped. Practising

engineers believe that the classical rat-hole theory enunciated by Jenike [33] and
Jenike and Yen [37] does not accurately reflect actual material behaviour. In the
previous Chapter the stable rat-hole equation proposed by Jenike and his coworkers is shown not to be a good approximation of the exact numerical solution. The

purpose of this Chapter is to determine the stress distributions for stockpile rat

holes which are slightly tapered, by exploiting the classical stress distributions
the basis for a perturbation scheme. Note that for rat-holes occurring in bins, an
approximate analysis, based on the method of "slices", which does incorporate some
height variation is provided by Johanson [40]. It is emphasised that for slightly

pered stockpile rat-holes the work presented here constitutes the first rigorous f
mathematical analysis of the problem.

Typically, a stockpile rat-hole appears as indicated in Figure 3.1, where 0 denote

the angle of repose, and a and 7 denote small angles. For the idealised situation o

a symmetrical cylindrical rat-hole, with the axis as shown in Figure 3.1, the limit
equilibrium equations become
darr daTZ arr - 000 _ n darz dazz 0^ (3 n
dr
dz
r

dr

dz

r

where p is the bulk density of the material, 0 is the acceleration due to gravity,
arr,arz, etc. denote the stresses in a cylindrical polar coordinate system (r,(p,z)
which are assumed to be independent of (p. In addition, the material is assumed to
satisfy the Coulomb-Mohr yield condition

|r|=c-0*tan5, (3.2)
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•- r

(b).

(a).

Figure 3.1: (a). Schematic drawing showing a single tapered cylindrical cavity in a

stockpile, (b). Schematic drawing showing a double tapered cylindrical cavity in a
stockpile.

where c is the cohesion, 5 is the angle of internal friction, and a* and r denote
normal and tangential components of compressive traction, which are assumed to
be positive in tension. Namely, the usual convention in continuum mechanics is
adopted that positive forces are assumed to produce positive extensions.

In this Chapter, slightly tapered cylindrical cavity profiles such as those depict
in Figure 3.1 are assumed and can be represented by an expression of the form

r = r0 + eR(z),

(3.3)

where r0 is assumed to be independent of the height z, and E is a small nondimensional parameter. The distinction from the classical theory is shown schemat-

ically in Figure 3.2. It should be emphasised here that the idea is to look for sl

tapered cylindrical cavities for which the correction terms of order e are much sm

than the corresponding terms for a perfectly circular cylindrical vertical cavity.
ther, R(z) is a function of z which is assumed to be approximated by an expression
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(a).

(b).

Figure 3.2: (a). Right circular uniform cylindrical cavity.
(b). Cylindrical cavity with height variation.
of the form
N

R(z) = £ Rne~™

(3.4)

n=l

for certain constants an and Rn (n = 1,2,..., iV). For example, it is shown that the
cavity profile shown in Figure 3.1(a) can be adequately approximated by the two
term expression
R(z) = Ri{l + e~ Q22 )

(3.5)

assuming tana = £. O n the other hand it m a y be shown that the cavity profile
shown in Figure 3.1(b) can be approximated by the three term expression

R(z) = Rt+

R2e~a2Z + R3e - 0 : 3 -

(3.6)

assuming tan a = £ and tan j = Ke for some K > 1.
Corresponding to a slightly tapered cylindrical cavity of the form (3.3) it is

assumed that the non-zero stresses are a small perturbation of those for the clas
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Figure 3.3: Angle 0(z) for a cylindrical cavity with height variation.
theory, namely
arr(r, z) = arr0(r) + earrl(r, z), arz(r, z) = arz0{r) + earzi(r, z),
(3.7)
0^2(•"*,z) = azz0(r) + eazzl{r,z), aH(r.z) = a^r) + £000-(r,z),

where e is the small parameter defined by equation (3.3), and the quantities arrl,

etc. are unknown functions of r and z. Assume that the stresses (3.7) obey a press
boundary condition at the cavity wall of the form

<TJ

= -Pnj, (3.8)

where aj (j = 1,2, 3) denotes the stress vector, P is the assumed external pressur
and Uj (j = 1,2,3) denotes the components of the normal vector to the cavity
surface. From Figure 3.3, the normal vector to the surface of the sidewall of the
unstable rat-hole can be seen to be given by

n=(-cos0(*), 0, sin0(*)), (3.9)
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where 0(z) is the angle the normal vector n makes with the r axis. Therefore, on
assuming that the external pressure P is zero, (3.8) and (3.9) gives

ar = 0, az = 0, (3.10)
and upon noting the fact that o-j = a^n1, then expanding (3.10) gives
-arr{r0 + eR(z), z) cos0(z) + arz(r0 + eR(z). z)sin0{z) = 0,
(3.11)
-0Y2(ro + ER{Z), z) COS0{Z) + azz(rQ + ER(Z), Z) sin0{z) = 0.
Now, from Figure 3.3 it may be shown that at the cavity wall

0{z) = tan-^dr/dxr), (3-12)

and expanding (3.11) and (3.12) gives the following conditions

0rro(7*o) = 0, 0r2O(ro) = 0, (3-13)

trrrl(r0lz) = -R(z)(^\ , arzl(r0,z) = -R(z)(^)+R'(z)azz0(r0),(3.U)
\

/ r=ro

\

/ r=ro

noting that the zeroth order conditions axe simply those used in the classical the
In the following Section the governing equations for the slightly tapered rathole are presented where separable solutions for the stresses are assumed. In the
subsequent Section, a second order ordinary differential equation is derived from
which the stresses in the slightly tapered rat-hole may be determined. In Section

various two and three term approximations for R(z) of the form (3.4) are considered
and these are applied to the single and double slightly tapered rat-holes as shown
in Figures 3.1(a) and 3.1(b) respectively.
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3.2 The governing ordinary differential equations

In this Section the governing ordinary differential equations for a slightl
rat-hole are determined. To do this, it is assumed that the stockpile is at
and that the rat-hole is on the point of collapse, so that the equilibrium

(3.1) apply and the stresses are given by (3.7). Next, it is assumed that the

functions arrl,arzl,azzl, and 000j can be expressed as a sum of separable vari

functions, where the z dependence is uniform for each of the stresses. Thus,
N N

arrl (r, z) = ^2 Ai(r)Ei(z), arzx (r, z) = Y, Bi{r)Et(z).
i=l

i=l

(3.15)
N

N

0«i (r, z) = ^2 Ci(r)Ei{z), a^ (r, z) = £ Di(r)Ei(z).
i-=i t=i

Then for each i = 1,2, ...,N, it is found from substituting (3.7) and (3.15) into
(3.1)i, that the unknown separable variable functions must satisfy
^W

+ fl((r)^ +

MMlW___-0l (3.16)
dr
dz

r

and therefore each Ei(z) must satisfy an equation of the form
^ = -O.EM, (3.17)

for certain constants a{. Therefore, solving (3.17) gives Ei(z) = e~aiZ. wh

constant of integration has been incorporated into the functions of r. Hence
tion (3.16) becomes
,
—
ctiBi(r) H
dr
and similarly, (3.1)2 becomes
d-4- Aj(r) - Djjr)

(

= 0,

(<-.-8J

r

^i_ajCj(r)+ftM=0.
dr
r

(3.19)
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Now, on assuming that the granular material satisfies the Coulomb-Mohr yield
condition defined by (3.2), it is determined in the previous Section that the yield
condition becomes

where P = sin 5, fc is the unconfined yield strength defined by 07 = 0 when
0777 = —fc, where fc can be written as

*-(i-S)"
and 07,07/, and 0777 denote the maximum, intermediate, and minimum principal

stresses respectively. Further,-it is also assumed that of the seven possible plast

regimes available for axially symmetric stress states, the material is in plastic r
A, which means that the stresses satisfy the inequality 07 > 077 = 000. The seven

plastic regimes are well known and can be found in tabular form in either Hill and W
[28], Cox, Eason and Hopkins [19] or Table 1.1. It is clear that a relation between

principal stresses and the stresses in the rat-hole is needed. In the previous Chap
it is shown that the maximum, intermediate and minimum principal stresses for the
classical rat-hole are given by

0/o = 2 1 (arro + 0z2o) + [(0"rro ~ ^zzof + ^rzo j >

(3.20)

0//o ~ 0000,

0///o = 2 {(°Vro + °"--o) ~ [(0rro ~ 0"zrC>)2 + 40 2 z o

j.

In order to determine the principal stresses for the slightly tapered rat-hole, note
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that the principal stresses are defined by the eigenvalue equation

C7 pf

IX

0

Of

0r*

azz-

0

0

p

o,

0

000 — p

where p denotes a principal stress for the slightly tapered rat-hole. Next, assume

that p = p0 + epx where p0 denotes a principal stress for the uniform rat-hole, and

px is an unknown function of r and z. Therefore, upon substituting (3.7) and (3.15
into the eigenvalue equation and noting that p0 satisfies the equation

(0000 - Po) (0rro ~ Po)(&zzo ~ Po) ~ 0rzoj = 0'

then solving for px obtains the expression
N

Pi

(0zzo ~ A-o)(000o ~ Po)YlAi(r)e

^

i=l

N

+{arr0 - p0)(0000 ~ Po) Y. d(r)e

a

°

i=i

N
+ {(Trro-Po)(°zzo-Po)_HDi(r)e
i=l

ai

*
(3.21)
V
—"\

N
Qi2

20rzo(000o - Po) £ -5i(r)e-

I

-0

2
2O

£ D^e'^
i=i

i=l

(arr0 — Po)(aZZQ — po) + (arr0 — Po) (0*000 — Po)

+ (0*zzo ~ /-o)(000o - Po) ~ o,
rzo

/
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Thus, upon defining

^0 = y (0rro ~ 0zzo)2 + 402zo, So = 0>ro ~ 0"zzo, (3--J

and substituting (3.20)i into (3.21) for p0, then it can be shown that px becomes

/*- = E TK~ -(E° + *o)Mr) + torMr) - (S0 - Ao)C-(r)]
i=l

z/

^o

and similarly, upon substituting (3.20)3 into (3.21) gives

|ii = E 7 T

K - E ° + Ao)Mr)

- 4arZoB{(r) + (E0 + A0)C,(r)]

andfinally,if p0 = 000O then it is clear that px = _u=i - - M r ) e aiZ.
Therefore, the maximum, intermediate and minimum principal stresses for the
slightly tapered rat-hole are

0/ = ff/o + £ £ %rr- Po + A0)Mr) + 40r2OBi(r) - (E0 - A0)Ct(r)],
l

z=l

0// =

--^------0
u

cT7/0+£EA(r)e-^,

(3-23)

.=i

om

=

0 / / / o + e E ^ [ ( - S o + Ao)-4i(r)-40r2O5i(r) + (Eo + A o )a(r)].

i=i 2A-

Now, upon substituting (3.23) into the Coulomb-Mohr yield equation, then the
stresses for the slightly tapered rat-hole are related by the equation

(E0 + (3\)Mr) + 4arzoBi(r) - (E0 - /3A0)Ci(r) = 0,
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for i = 1,..., N, which from (3.22) becomes

Mr)

1/2'

40.

1+ 0 1 +
{arro

~Ci(r)

rzo
0zzo)

+

4arzoBi{r)
[&rro ~ 0zzoj

/
40 2
1 - / 3 - 1 + (0 r r o rz0azz0)

1/2'

= 0.

Following Chapter 2, introduce

tan2ipo =

—arzo
"Vro

(3-24)

0zzo

so that the Coulomb-Mohr yield condition becomes

-4i(r)(cos2V*0 + (3) + 2Bt(r)sin2ip0 - Ci(r)(cos2t;0 - 3) = 0,

(3.25)

for . = 1,..., N and where ip0 is the known function of r defined by equation (3.2
To determine the fourth equation, recall that only the plastic regime A is being

considered here, which has the stress relation 07 > 000X = 0777. Therefore, for ea
i = l,2,..., N, (3.7) and (3.23)2 give

-4i(r)(-E0 + A0) - 4arz0Bi(r) + Ci(r)(E0 + A0) = 2A0A(r),

and hence, from (3.25) the relation

A(r) = i(l+/3)[A(r) + a-(r)],

(3.26)

is obtained.
Therefore, the four equations (3.18), (3.19), (3.25), and (3.26) constitute the four

determining equations for the unknown functions -4j(r), Bi(r), Ci(r). D{(r) for ea

. = 1,2,..., N.
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OD

T h e differential equation for Bf(r)

In this Section the four governing equations developed in the previous Section are
considered, namely (3.18), (3.19), (3.25), and (3.26), and a second order ordinary
differential equation for Bt(r) is determined by eliminating the other unknowns.
Upon substituting (3.26) into (3.18), which eliminates D-(r), gives
dAi
dr

aiBi(r)+{1-P)Mr)-{1

+

m{r)

2r

0,

(3.27)

and note from (3.19) that

Ci(r) =

-

dBt
dr

|

Bj(r)
r

(3.28)

and therefore, (3.27) becomes

d

^ ii^U (r) .(-+«
dr + 2r
2a, r

'dBt
dr

:

Bj(r)
r

|

+ <*iBi(r).

(3.29)

If (3.28) is also substituted into (3.25). then

Mr) =

sx{r)

cn

__3i + ___rl
dr

s2(r)Bi(r).

(3.30)

r

where
. .

cos 2ip0 - P

..

cos 2ip0 + P

2 sin 2ip0

(3.31)

cos 2ip0 + 3

Hence, upon substituting (3.30) into (3.29) gives the second order ordinary differential equation for -B--(r)
0

=

d2Bi
dr2

_sx

r

sx

2r

2rsx

dB{
dr
(3.32)

+

I
rsx r 2

^ , , (1-0)
% + 2r2

Ql52

(1-3)
2r5l

(1 + 5) _2L
-9,-(r).
5
2r25l
-.
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for i = 1,..., N, and from (3.14), (3.15), and (3.30) the boundary conditions on B{
become

E « ^ ( r . ) = -R(z)(^)

+R'(z)azz0(r0)
(3.33)

dBj,
dr

— I Ai(r0) -

-Bi(r0),

1-0,

r=ro

where -4j(r0) is determined from

Ee-^zAn(r0) = -R(z)(^.)

(3.34)

n—l \ / r=ra

In order to simplify matters, m a k e the transformations

(3.35)

r = n/cn, Bt = otiBi, Ai = atAi,
so that (3.32) becomes

S

1+

1

o = ---- + A + 1 _ h + t -® _ (
dn2

sx

7]

sx

2n

2rjsx

^)dBi
dr}
(3.36)

1

+

r)s1

s>2 (1-0)

—
n'

sx

1

7T^
2n2

(1-0)
-V 2r)s
1

(1+0)
2

2n sx

1
sx

Bib),

where sx and s2 are now function of n, and upon noting (3.4) and expanding, gives
the boundary conditions for Bi at n = a^o to be
darz0\

Bi{onr0)

=

-Rt

dn

- Riazzo(ciir0),
n=ct%ro

(3.37)

dSA

/l + 0\ fdarr;
r)=ctiro

•Bi(air0).
OCiT,
i> 0

and note that each Bi is considered at different initial values, namely n = a-To.
Thus, (3.36) is a second order differential equation for Bi with two explicit boundary
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conditions at 77 = 0^-. Further, due to the complexity of the coefficient functions
of Bi,dBi/dn, and d2_3i/dr?2, (3.36) are solved numerically subject to (3.37). This
essential since in general, sx and s2 can only be determined numerically.

3.4 Special cases for R(z)
In this Section two possible shapes for the sidewall of the rat-hole are considered
where the required shape is approximated using a sum of exponentials of the form
of (3.4). Once the unknown constants in (3.4) have been determined, these are then

used to solve the system of differential equations defined by (3.36) with the bound

conditions (3.37). Note that there is no unique procedure for this approximation and
indeed the procedure adopted here for three terms for the double slightly tapered
rat-hole give rise to two possible solutions.

3.4.1 Single slightly tapered rat-hole.
For a single slightly tapered rat-hole as shown in Figure 3.1(a), the equation describing the sidewall of the rat-hole is

r = r0 + z tana. (3.38)

Assuming a finite height Hi and that the sidewall of the rat-hole can be approximated by a sum of exponentials as defined by (3.4), then (3.38) is approximated
with a two term sum of the form

r = r0 + £ (Rie-°«z + ^e^22) , (3.39)
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for certain unknown constants Q.ua_,Ru and R2. For simplicity assume ax = 0 an

determine the unknown constants by firstly assuming that (3.38) and (3.39) co

at the bottom of the rat-hole, namely at z = 0, from which R2 = -Rl is deduced

Secondly, assume that (3.38) and (3.39) coincide at the top of the rat-hole, n
at z = Hi, from which
Hi = Ri(l-e~a^), (3.40)
is found, where tana = e has also been assumed.
Thirdly, assume for each z that the maximum horizontal difference between
(3.38) and (3.39) is £, which gives
Ri (1 - e~Q22) - z - 1 < 0,
or (3.41)
z - 1 - Ri (1 - e~a2Z) < 0,

where (3.41)i is used when the right hand side of (3.39) is larger than the r

side of (3.38), or in other words, the approximate solution is on the "outside"

rat-hole, and similarly, (3.41)2 is used when the right hand side of (3.39) i

then the right hand side of (3.38), or in other words, the approximate solutio
the "inside" of the rat-hole.

Here, the approximate solution is assumed to be on the outside of the rat-hole
and therefore from (3.41)i the maximum value occurs when

z=—lna2Ri, (3.42)

which combined with (3.41)i gives the relation

Ri (l - -L) --lna2Ri = 1. (3.43)
V
a2/-i /

a2
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Therefore, (3.40) and (3.43) give rise to two equations for the two unknowns Ri
a2, and hence R(z) can be determined.

Note that the transformations (3.35) are only well defined for a* 7- 0. For ax =

the governing equations (3.32) are solved subject to (3.33), from which the boun
conditions become

Bi(r0) =

-Ri

da.
rzo
dr

3.4.2 Double slightly tapered rat-hole.

For a double slightly tapered rat-hole as shown in Figure 3.1(b), where 7 is a s

angle such that 7 > a, denote Hi to be the height where the the sidewall of the
rat-hole changes slope from tana to tan7, and H_ to be the height of the double
tapered rat-hole. The equations of the sidewall of the rat-hole are found to be
by
r = r0 + £z, for 0 < z < Hi,
(3.45)
r = r0 + £ ((1 - K)Hi + Kz), for Hi < z < H_,
where tana = £ and tan7 = KE has been assumed, for some K > 1.
Now, assuming that (3.45) can be approximated by a sum of exponentials as

defined by (3.4), then for a- = 0 and assuming that (3.39) and (3.45) coincide at

the bottom of the rat-hole and at the change of slope of the sidewall at z = Hi
R2 = -#. is deduced and also that (3.40) holds. Further, assume that (3.39) and
(3.45) coincide at the top of the double slightly tapered rat-hole, namely at z
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which gives the relation

(1 - K)Hi + KH_ = Ri(l- ea>"2) , (3.46)

and (3.40) and (3.46) determines the unknown constants a2 and Ri. Also note t
the appropriate boundary conditions for the double slightly tapered rat-hole

the approximation (3.39) for ax = 0, where a2 and Rx are determined from (3.40
and (3.46), are given by (3.37) and (3.44).

Now, assume that the sidewall of the double slightly tapered rat-hole as show

Figure 3.1(b) can be approximated by a three term sum of exponentials as def

by (3.4). Hence, the sidewall of the rat-hole described by (3.45) is approxima

r = r0 + £ (Rie~aiz + R2e~a2Z + i?3e~Q3Z) , (3.47)

for some unknown constants a* and Ri, for i = 1, 2,3. Following the previous

term approximations, for simplicity ax = 0 is again assumed and that (3.45) a
(3.47) coincide at the bottom of the rat-hole, at the change of slope of the
at z = Hi, and at the top of the rat-hole, which yield respectively

Ri + R2 + R3 = 0,

Ri + i?2e-Q2"- + i?3e-Q3i/l = Hi, (3-48)

Ri + R2e~a^ + fl3e-«3--2 = (\-K)Hi+KH2.

Hence, (3.48) gives three equations for five unknowns, and therefore two addi

constraints are required between the unknowns. Following Subsection 3.4.1. as
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that for 0 < z < Hi, the maximum horizontal difference between (3.45) and (3.47)
is £, so that

Ri + R2e~a2Z + R3e~a3Z -z-l<0,
or (3.49)
z - 1 - Ri - R2e~a2Z - R3e~a3Z < 0,

where (3.49)i is used when the solution is on the outside of the rat-hole and (3.

is used when the solution is on the inside of the rat-hole. If zx denotes the val

which gives the maximum value of (3.49), then for both equations, zx is determined
from
a2R2e-a*z> + a3R3e-°3Zl +1 = 0, (3.50)
which is a transcendental equation for zx. Once zx is determined then it can be
substituted into (3.49) to obtain a new single condition on the unknowns, which

depends on whether the solution is on the outside or on the inside of the rat-hol
However, as the values of a2, a3, R2, and R3 are unknown, then this means that zx
is treated as an unknown and (3.50) is included as an additional condition.
Similarly, for Hi < z < H2, assume that the maximum horizontal difference
between (3.45) and (3.47) is E, which yields
Ri + R2e~a2Z + R3e~a*z - (1 - K)HX -Kz-1<0,
or (3-51)
Kz + (1 - K)Hi -1-Ri- R2e~a2Z - R3e~a*z < 0,

where (3.51)i is used when the solution is on the outside of the rat-hole and (3.

is used when the solution is on the inside of the rat-hole. If z2 denotes the val
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which gives the maximum value of (3.51), then for both equations. z2 is determined
from
a2JR2e-Q222 + a3JR3e-Q3Z2 + K = 0, (3.52)

which is also a transcendental equation for z2. Once z2 is determined it can then
be substituted into (3.51) to deduce a new single condition on the unknowns, which

depends on whether the solution is on the outside or on the inside of the rat-hole.
However, as the values of a2, a3, R2, and R3 are unknown then again this means that
z2 is treated as an unknown and (3.52) is included as an additional condition.
This means that there are seven equations for seven unknowns which may be
solved numerically. The appropriate boundary conditions for the double slightly
tapered rat-hole with the approximation (3.47) for ax = 0 are given by (3.37) and
(3.44).

3.5 Conclusions

For slightly tapered cylindrical vertical cavities, the work presented in this Cha
is the first rigorous mathematical analysis of the limiting equilibrium equations

(3.1) for the plastic regime A to determine an axially symmetric stress distributio

which is a perturbation of the classical Jenike solution for a perfectly right cir

cylindrical cavity. The perturbations are assumed to be separable functions of r an
z, and it is shown that the only allowable dependence on z must be exponential.
For a slightly tapered rat-hole with profile r = r0 +

ER(Z),

a second order ordinary

differential equation has been solved numerically using boundary conditions arising
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Figure 3.4: Single tapered rat-hole with mesh showing approximation on outside of
rat-hole which is shown by the shaded area and with R(z) defined by (3.39).

from the fact that the cavity is stress free. Four solutions for four different shape
the sidewall of the slightly tapered rat-hole have been determined using a possible,
but not a unique set of constraints to determine R(z) and have evaluated the stress
approximations on the plane z = 0. For all numerical solutions the constant values
of p = 0.7, g = 9.8,0 = 0.5 and fc = 5.2 have been assumed.
Figure 3.4 shows the single slightly tapered rat-hole as the shaded area with
the mesh boundary showing the approximate solution on the outside of the rat-hole
for R(z) defined by (3.39) with a2 = 0.53, Rx = 4.55, and £ = 1/12. Figure 3.5
shows the approximate stresses relative to the classical stresses applying to a right

circular cylindrical rat-hole. In particular, arr is initially higher but then is belo
the classical estimate, while 0r2 is always below the classical estimate. azz starts
at the classical estimate and then goes below while 000 is initially higher and then
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0rr
0zzO

0000

Figure 3.5: Classical and approximate stresses corresponding to Figure 3.4.

goes below 000O.
Figure 3.6 shows the double slightly tapered rat-hole with the boundary of the

shaded area showing the approximate solution on the inside of the rat-hole for R(z
defined by (3.39) with a2 = -0.59, Ri = -0.41, E = 1/12, and 7 = 25 degrees.
Figure 3.7 shows that the approximate stresses follow the classical stresses. In

particular, arr is very close to the classical estimate, while 0r2 starts higher, bu

then asymptotes to the classical estimate. 022 and 000 are in excess of the classic
estimates.
Figure 3.8 shows a double slightly tapered rat-hole with the approximated cavity

profile being the shaded area in the lower region and the mesh boundary in the upp
region. Here R(z) is defined by (3.47) with a2 = -1.15. a3 = 0.70, Ri = 3.802,
R2 = 0.004, R3 = -3.806, £ = 1/12, and 7 = 9 degrees. In this case the approximate
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r/r0

Figure 3.6: Double tapered rat-hole with shaded region showing approximation

on

inside of rat-hole which is shown by the mesh boundary and with R(z) defined by
(3.39).

Figure 3.7: Classical and approximate stresses corresponding to Figure 3.6.
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z/r0

Figure 3.8: Double tapered rat-hole with approximation as the mesh on the outside
in the lower region and as the shaded area on the inside in the upper region and
with R(z) defined by (3.47).

solution starts on the outside of the rat-hole, similar to Figure 3.4, and then goe

on the inside of the rat-hole at the change of slope, similar to Figure 3.6. Theref

from Figure 3.9, for the approximate stresses on the plane z = 0, it is not surpris
to see that they behave in a similar fashion to those for Figure 3.4. Figure 3.10

shows the double slightly tapered rat-hole with the approximate cavity profile bei
the mesh boundary in the lower region and the shaded area in the upper region.
For the approximate solution shown in Figures 3.8 and 3.9, there are two profiles
namely that given in Figure 3.8 and that given in Figure 3.10 which is the shaded

area in the lower region and the mesh boundary in the upper region. For this shape,
R(z) is defined by (3.47) with a2 = -0.55, a3 = -1.95, Rx = -0.5144, R2 = 0.5145.
R3 = 0.00004, £ = 1/12. and 7 = 9 degrees. Here the approximate solution is on
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Figure 3.9: Classical and approximate stresses corresponding to Figure 3.8.

Figure 3.10: Double tapered rat-hole with approximation as the shaded area on the
inside in the lower region and as the mesh on the outside in the upper region and
with R(z) defined by (3.47).
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Figure 3.11: Classical and approximate stresses corresponding to Figure 3.10.

the inside in the lower region, similar to Figure 3.6, and on the outside in the upper
region, similar to Figure 3.4. Therefore from 3.11, the approximate stresses on the
plane z = 0 behave in a similar fashion to those shown in Figure 3.6.

Chapter 4

Rat-hole stress profiles for
shear-index granular materials

4.1 Introduction
The formation of stable circular and almost vertical cylindrical holes in stockpiles
and hoppers, as indicated in Figures 4.1(a) and 4.1(b) respectively, are the cause of
significant disruption in many industries such as mining, minerals, grains and chemical industries. This frequently occurring phenomena is referred to as "piping" and
the holes themselves are known as "rat-holes". Often once a rat-hole forms it tends
to remain there because the material dries and sets as a solid. The precise conditions under which a rat-hole may form or the conditions prescribing the stability of
an existing rat-hole are as yet unresolved issues. These issues are not addressed in

this Chapter, but rather the limiting equilibrium stress profiles assuming an existing
vertical cylindrical rat-hole in a shear-index granular material are determined. This
69
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i
i

(a).

(b).

Figure 4.1: (a). Rat-hole occurring in a typical stockpile.
(b) Rat-hole causing funnel flow in a hopper.

work extends existing theory for the Coulomb-Mohr yield function.
Shear-index yield functions and certain plane and axially symmetric problems are

analysed in detail in Hill and Wu [27, 28]. Failure of powders or granular material

is due to frictional slip between particles, and at yield the magnitude of the shear
component of stress \T\ varies according to the value of the normal component of
stress 0, which are taken to be positive in tension. The locus of the values of (0,

at which permanent deformation or yield occurs is called the yield locus. It can als

be defined as the envelope of the Mohr stress circles at yield, because in plasticit

the stress state must satisfy the stress equilibrium equations and cannot exceed th

yield locus. For certain granular materials, the angle of internal friction is a con

and the yield locus is a straight line and is referred to as the Coulomb-Mohr yield
function, thus
\T\ = c — 0tan6", (4.1)
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Figure 4.2: General yield locus.
where c is a constant, which is called the cohesion of the material. This yield
function has been interpreted by Shield [50] in terms of principal stress components
to obtain the yield surface for a three dimensional stress field. Shield [50] showed

that in principal stress space the yield surface is a right hexagonal pyramid equally

inclined to the 0i, 02,03 axes, and with its vertex at the point 01 = 02 = 03 = ccot 8
In general however, experimental evidence (see Hill and Wu [27] for detailed

references) indicates that for most granular materials the angle of internal friction
not constant along the yield locus but decreases for decreasing 0 from a maximum

value 7r/2 at the vertex A and typically the corresponding yield locus is as indicate

in Figure 4.2. In general therefore, the angle of internal friction is a stress depen
function £(0) which is defined incrementally from the equation

dr = -d0tano". (4.2)

Here, the yield function sometimes referred to as the Warren Spring equation is
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considered, namely

(.)*-f
where c, t and n are positive constants which are referred to as the cohesion,

strength and shear index respectively. A number of authors (see Hill and Wu [27

have performed experiments which confirm the validity of (4.3). Using the Jenike
shear tests Farley and Valentin [22] suggest that the cohesion c is usually of

of twice the tensile strength t and that the shear index n for a particular pow

independent of the bulk density of the compact, and can therefore be used to cl

powders according to their flow properties. In addition, Farley and Valentin [2

simple expressions relating n to the ratio of volume to surface mean diameter a

t to the bulk density. The known numerical values of shear index n such as thos

cited in Hill and Wu [27] all lie between 1 and 2 and Table 4.1 gives the typic

values of n,t,c and p as determined by Farley and Valentin [22], noting that th
units in Table 4.1 are not SI units, but are those used by Farley and Valentin
For a general yield function Hill and Wu [27] show that the yield function in
terms of principal stress components is given parametrically by

(07 - 077/) cos 8 = 2/ [(07 + um) Jl + {?i - am) (sin 8)/2],
(4.4)
tan£ = -—f[{ai + ani)/2 + (ai-ain)(sm8)/2}.
da

where the stress dependent angle of internal friction 8 = 8(a) is the parameter

Thus, for example, if the angle of internal friction is constant and r = f(a) is

linear yield condition (4.1), then (4.4) 1 gives the well known Coulomb-Mohr yie
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Granular material

Shear-index n

Tensile strength t
2

(Particle size)

Cohesion c
2

Density p

(g/cm )

(g/cm )

(gm/cm 3 )

Alumina

(+37 p)

1.19

0.226

0.385

1.018

(20-30 p)

1.52

8.09

12.2

1.113

(9 - 15 p)

1.40

10.55

15.2

1.176

(Standard)

1.39

2.54

5.33

3.706

(Ultra fine)

1.86

4.89

11.7

3.238

( < 12 p)

1.53

2.95

8.09

0.888

(12 - 14 p)

1.46

0.76

1.83

1.112

Zinc dust

CaC03

Table 4.1: Typical values of n,t,c and p (Farley and Valentin [22], g denotes
981 dynes).

condition
07 — 0J/7 = 2c cos 8 — (a i + am) sin 8.

(4.5)

In the case of the Warren Spring equation (4.3), the yield function is
l/n

/<->--(!-£)

(4-6)

and (4.4) gives the yield condition in parametric form to be

a
0^_.
_ « - *n
--i = 1 +-l--(
6-- tan.5)
0", »i -1-%ec6
SeCf

t

t

+ taii8)-3\ (4-7)

t

t

where 0 is a function of 8 defined by

,'nt

P= (—tan 8

\Vd-n)

(4.8)
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and note that the special cases n = 1 and n = 2 become respectively

-Tf

-or-?
(4.9)
0/77

(-?)' - (
=

t/

\

i-

t

1/2

VJ _ct

(n = 2).

These relations become more transparent by expressing the parametric solution (4.7)
in the form
2l l/2

l-r-

=

PX

01n+ {/?£

--.

2

n

t p

(3Xf

1

1

(4.10)

1-

0JI7

1_

P»

Y

21 -/2

!

K-(#)J +fJ -<»>•£-£)

where A denotes c/t and from which it is clear that n = 1 and n = 2 play special

roles and (4.9) may be readily deduced. It appears that n = 1 and n = 2 are the o

values of n giving rise to simple analytical yield functions such as (4.9). Howev
other special values of n such as n = 4/3,3/2, and 8/5 permit further analytical

investigation but the final results are still complicated (see the Appendix of H
Wu [27]).
In the following Section the mathematical formulation to determine the limiting

equilibrium stresses axe provided for a perfectly vertical and circular cylindri

hole for a granular material subject to the yield condition given parametrically
(4.7). The corresponding problem for the Coulomb-Mohr yield function (4.1) is

examined in Chapter 1 while in Chapter 2 the stress profiles for slightly tapered

vertical circular cavities are determined again assuming (4.1). In the subsequent
Section, further analytical details are presented for the cases n = 1 and n = 2.
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and in the final Section the numerically determined results for general n such that
1 < n < 2 are shown to be bounded by those for n = 1 and n = 2 respect ively.

4.2

Mathematical formulation

For the idealised situation of a vertical circular cylindrical rat-hole with the ax
shown in Figure 4.1, the mathematical problem is to solve the equilibrium equations

-^". + 5 Z « = ™
r
dr

-^L + -*"* ~ g * ) = Q
dr
r

(4.11)

subject to the boundary conditions that the surface of the hole of radius r 0 is stress
free
0r2 = 0rr = 0 for r = r0, (4.12)

where p is the bulk density of the material, o is the acceleration due to gravity,

0rr, 0rz, etc. denote the stresses in a cylindrical polar coordinate system (r, (p, z
which following Jenike [34] are assumed to be independent of <p and z. In addition.
the material is assumed to satisfy the Warren Spring yield condition (4.3), where a
and r denote the normal and tangential components of compressive traction, which
are assumed to be positive in tension. Namely, the usual convention in continuum

mechanics is adopted that positive forces are assumed to produce positive extensions
From (4.11)! and (4.12)i it is a simple matter to deduce

* . - f (-•-?).

<4-13>
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while the maximum and minimum principal stresses are given respectively by

01 =

2 I^rr

+ CTzz +

^ [^rr ~

Gzz 2

' + 4(7rz]V2} •

(4.14)

om = - |(0rr + 022) - [(0rr - ozz)2 + 4022] 1/2|.
From the boundary conditions (4.12), (4.14), and noting that for compression ozz <
0, and therefore Jo2~z is -azz, then at r = r0 it is observed that

0/>o) = O, om{r0) = ozz(r0), (4.15)

and therefore azz(r0) = -fc, where fc is usually referred to as the unconfined yield
strength which is defined by 0777 = -fc when 07 = 0. Moreover, throughout this

Chapter the plastic regime conventionally referred to as A (namely one of the Haarvon Karmen regimes) is assumed to apply, and therefore

0*00 = 0//7- (4-16)

The above equations, along with the shear-index yield function defined parametrically by (4.7), provide the complete mathematical prescription of the problem. In
the following Section the mathematical analysis is extended for the special cases

n = 1 and n = 2 for which the yield condition in terms of 07 and 0777 can be given
explicitly.

4.3 Mathematical analysis for n = 1 and n = 2

In this Section, some limited mathematical analysis is presented for the two specia
cases n = 1 and n = 2. For n = 1 this approach differs from that given in Chapter
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N o w , (4.11)2 is solved subject to arr = 0 at r = r 0 and 000 is determined from (4.14)2
and (4.16), thus

U

U = 9 {fa* + a") ~~ [far ~ °"22)2 + 4°"?r] ' \ • (+17)

For n = 1 the standard Coulomb-Mohr yield condition becomes (see Chapter 2.
page 25)
1/2

(3(arr + °zz) ~ 2C(1 - 0 2 ) 1 / 2 = - [(<"-„. - azzf + 40r22]

(4.18)

where 0 = sin 6" and tan 8 = eft = A. N o w , on squaring this equation and solving
the resulting quadratic in 0 Z2 , gives
1/2'

2\-/2

^-THI+S)

('-T)'-(T) !

0~zz = &rr ~ 2c <

(4.19)

where only the negative root has been taken to ensure 0 2 2 < 0. Clearly, for a real
solution the inequality
arr
1

arz

t

(4.20)

,

T>

c

is required, noting that arz/c > 0.
Moreover for the case n = 2, on writing (4.9)2 as
c

,1/2

(i-^r-(i-f"J

"?

squaring this equation and solving the resulting quadratic equation, then the following expression for 02Z may be deduced, namely
-,1/2

0 zz —
= "rr
0r_

C2

n

2c

0rr

/ 0-2
"'
C

(4.21)
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where again only the negative root has been taken to ensure 0 2 2 < 0. Evidently, for
a real solution the inequality

1

I arz

0Vr

(4.22)

~t ' \~c~
is required. N o w on introducing u(r) defined by
1/2
~ rr

u(r) = A + 2

i >-

rl

(4.23)

~T ' \c

noting again that A = c/t, it is not difficult to show that (4.11)2, (4.17) and (4.21)
yield the first order ordinary differential equation
,

,.du

d£

{u-\)—+£—
dr

A

= dr

„2y/*
U + ([U + E

(4.24)

r

which for n = 2 must be solved numerically subject to the boundary condition

u(r0) = 2 + A,

(4.25)

where £(r) denotes pg(r — rg/r)/c. In the following Section the general numerical
scheme is presented for n such that 1 < n < 2 and in the special case n = 2, the
same result arises from the numerical integration of (4.24) and (4.25).
Although no essential use of the following analysis is made, it may be worthwhile
noting that with the transformations

s = logr, s 0 = -Ogr0,

(4.26)

the function s(r) becomes
E(S) = 7sinh(s — SQ)I

(4.27)
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where the constant 7 is given by 7 = 2pge8o/c. Further, the differential equation
(4.24) transforms to

(„-A)_+£ = A|_i__i_|, (4.28)
which still must be solved numerically subject to u = 2 + A when s = 0. However, it
is at least worth noting that the r dependence in (4.24) may be transformed away
in this manner.
In the numerical Section below, it is clear that for all n there exists a point r at

which the stress profiles no longer exist, and for n = 1 and n = 2 this corresponds t
where the square roots in (4.19) and (4.21) become imaginary. Thus at this point r,
(4.19) and (4.21) gives directly
2
1_^L=oI1 (n = l^ 1_0^I=/fZz\ (n = 2^ (429)

and also, from (4.19) and (4.21) give

o~Zz = (Trr — 2\arz (n = 1), 022 = 0rr — Ac (n = 2). (4.30)
As described in Appendix B these expressions may be utilised to determine the

stress values at the point r at which the stress profiles fail to exist. The advantag
of the limited mathematical analysis of this Section is that the above formulae,
namely (4.29) and (4.30), are immediately apparent, but the question arises as to

the appropriate extension for general n such that 1 < n < 2. Since in the general cas

further mathematical analysis appears difficult, the question is nontrivial. However
in Appendix B it is established that
n

1_ £- = (_!-) , a„

2Ac/ ( 7„\--"

= a„-i^{^.)

(4.31)
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as the appropriate generalisation of (4.29) and (4.30).

4.4

Numerical formulation for general n

For general n such that 1 < n < 2, equations (4.11)2 and (4.17) show that
dari
dr

— {(arr - azz) + [(_•„ - azz)2 + 4a2z] V 2 | ,

(4.32

must be solved subject to (4.12)2, where 0 r 2 is defined by (4.13) and azz is determined

from the Warren Spring yield condition (4.7). Hill and Wu [27] show that (4.7) give
rise to the yield condition
-. 1/2 "n/(2-n)
1

n/(2-n)

n
2\2{n-l)

B-

nltl
(4.33)

n
2(ra-l)

B- B<

(n-1)
n2t2

1/2'

- B = 0,

where A and B are defined by

A = (arr - azz)2 + 4a2z,

B = 1

0rr
rr +' -0
- zz

(4.34)

2t

In order to numerically solve (4.32), 0 2 2 must be numerically determined from (4.33)
at each iteration in the numerical scheme. Note that upon letting n = 1 in (4.33).
the n = 1 yield equation (4.9)i arises after applying fHopitals rule. Also, upon
letting n = 2 in (4.33) gives rise to the n = 2 yield equation (4.9)2. noting that
both sides of (4.33) need to be raised to 2 - n.
Here, a fourth order Runge-Kutta scheme has been used to determine the numerical solution of (4.32) and fsolve. a root finding procedure in M A P L E , is used
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to numerically determine azz from (4.33) at each iteration. Note that this scheme
gives rise to numerical values for which the special cases n = 1 and n = 2 coincide

with those obtained directly. The values of the constants t, c. p and the shear-inde
n used are those obtained by Farley and Valentin [22]. Three specific granular
shear-index materials have been considered in this Chapter, namely alumina, standard zinc dust, and precipitated calcium carbonate which have shear-indexes of
n = 1.19,1.39, and 1.53, respectively. For the sake of comparison and in order to
emphasise the dependence on the shear-index n, the remaining constants are fixed
as those for the standard zinc dust sample, namely t = 2.54 g/cm2,c = 5.33 g/cm2,
and p = 3.7062 gm/cm3. Farley and Valentin [22] adopt the unusual convention
that g in reference to the units of t and c designates 981 dynes.
Figure 4.3 shows the yield function in terms of the variation of the maximum
principal stress 07 with the minimum principal stress 0777 for various values of n.
It can be see that in the range shown these curves are almost straight lines. The
unconfined yield strength fc which is defined by 0777 = -fc

wnen

07 = 0 is an

important physical property of the material, being the "compressive" stress that

an initially unstressed material is able to sustain immediately prior to failure. T
variation of this quantity with the shear-index n is shown in Figure 4.4. For n = 1
and n = 2, explicit values may be deduced, namely

,2X1/2

/c = 2c

1+

H 7-

(n = l), /c = c ( | + 2 ) , (n = 2).

(4.35)

In Appendix B the following expression is proposed as an appropriate generalisati
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Figure 4.3: Shear-index yield condition expressed in terms of the m a x i m u m and
m i n i m u m principal stresses and for various values of n.
of (4.35) for general n, namely
OJ

/

9\(2-n)/2n

(4.36)

and this value is shown as a dotted line in Figure 4.4. It should be emphasised that
although the expression (4.36) appears to provide a good numerical estimate of fc,
it is only an educated guess based on the exact expressions (4.35).

Figures 4.5(a), 4.5(b), 4.5(c) and 4.5(d) show respectively the variations of 0rr. 0
and 07 for five values of the shear-index n, noting that 077/ coincides with 000.

Finally, Figures 4.6(a), 4.6(b) and 4.6(c) shows the relative variation of all stre
for the three values n = 1,1.53 and 2 respectively.
It is a matter of common experience that the larger the radius of the rat-hole,

the more prone the material is to collapse and the essential problem is to determin
the smallest rat-hole radius for which the material is unstable. Accordingly, in
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Figure 4.4: Variation of the unconfined yield strength fc with shear-index n and the
approximate analytical expression (4.36) shown as a dashed line.

Figures 4.7, 4.8 and 4.9 the variation of the stresses 0„.,000, azz and 07 are shown
for the three values of the shear-index n = 1,1.53, and 2 respectively. The Figures

show conclusively that for each of the three values of n there is a definite rat-hole

radius at which there is an abrupt change in the stress patterns, and for each ro the

is a value of r for which the stresses no longer exist. As noted in the previous Sect

for n = 1 and n = 2, it may be shown that at this value of r the relations (4.29) and
(4.30) apply, while for 1 < n < 2 the relation (4.31) apply. Figures 4.10 and 4.11
show the variation of arr and 022 respectively with n for both the exact numerically
determined values and those estimates based on (B.l) and the approximate equations
(B.10) and (B.ll) when 07 = 0 and 0777 = -fc. Note that these estimates provide
reasonable overall agreement with the exact numerically determined values.
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n=l
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n=l

(a).

n=1.19
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cr„/t

a,/t
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n=l

n = 1.19

n=1.39
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Figure 4.5: Variation of stresses with position for various values of the shear-index
n and ro taken to be unity, ((a) arr, (b) 000, (c) 0 2 2 and (d) 07).

4.5 Conclusions
Within this Chapter the limiting equilibrium stress profiles within an existing vertical rat-hole in a shear-index granular material have been determined. For values
of the shear index of 1 < n < 2, the stress profiles show that there exists some
point within the material at which they fail to exist. For n = 1 and n = 2 this
point has been determined analytically, whereas for general n the point has only
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(a).
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(b).

(c).

Figure 4.6: Variation of stresses with position for the three shear-index materials
((a) n = 1, (b) n = 1.53 and (c) n = 2).
been determined approximately.
For a shear-index granular material, an exact expression for the unconfined yield
strength fc has been determined for n = 1 and n = 2. For general n, an approximate
generalisation has been determined that does coincide with the exact values when

n = 1 and n = 2.
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Figure 4.7: Variation of stresses for various values of the rat-hole radius ro for the
shear-index material n = 1. ((a) 0^, (b) 000, (c) 022 and (d) 07).
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Figure 4.8: Variation of stresses for various values of the rat-hole radius r 0 for the
shear-index material n -= 1.53. ((a) 0^, (b) 000, (c) 022 and (d) 07).
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Figure 4.9: Variation of stresses for various values of the rat-hole radius ro for the
shear-index material n = 2. ((a) 0 rr , (b) 000, (c) 0 2 2 and (d) 07).
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Figure 4.10: Numerical variation of arr with shear-index n when 07 = 0 and
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Figure 4.11: Numerical variation of azz with shear-index n when 07 = 0 and
am = -fc compared with the approximate value determined from (B.10) and using
(B.l) with (B.8)i.

89

Chapter 5

Force distributions at the base o
two-dimensional sand-piles

5.1 Introduction
Granulated materials in the chemical industries are frequently stored in heaps. In

order to evaluate storage conditions, a knowledge of the stress distribution through

out the material is important, and particularly at the base of the heap, since these
stresses influence settlement, caking, comminution and overall deterioration of the
stored material. Smid and Novosad [51] showed experimentally that the horizontal
and vertical force distributions were as shown in Figure 5.1. Of particular importance is the counter-intuitive outcome, that the maximum vertical pressure does not
occur directly beneath the sand-pile vertex, but rather at some intermediate point
giving rise to a ring of maximum vertical pressure. This result has attracted much

attention, both in the popular scientific literature (see for example Watson [54. 55
90
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Figure 5.1: Horizontal and vertical force distributions as determined experimentally
by Smid and Novosad [51] ((a) horizontal and (b) vertical).

and has produced numerous discrete and computational models which attempt to
explain this curious phenomenon (see for example Bagster [3, 4, 5], Bagster and
Li [7, 8], Bagster and Kirk [6], Brooks and Bagster [12] and Liffman, Chan and
Hughes [42]). In this Chapter, following the authors Cantelaube et al [14]. Cantelaube and Goddard [15] and Didwania et al [20], a continuum mechanical approach is examined for two-dimensional sand-piles and the solutions first used by
Jenike [33, 35, 36] and Johanson [39] are utilized, which describe gravity flows of
granular materials in converging wedges and cones. More recently these solutions
have been re-examined by Bradley [11] and Spencer and Bradley [53] and for convenience the notation of these latter authors have been adopted. Note however, that
gravity in this problem is acting in the opposite direction to their problem and that

Chapter 5: Force distributions at the base of 2D sand-piles

Figure 5.2: Coordinates for two dimensional sand-piles with an inner dead region
and an outer yield region with boundary at 0 = 7.

these authors adopt the unusual convention of the x-axis being vertical.

In this Chapter, an 'infinite' two-dimensional sand-pile is considered and the
coordinate axis is set up at the vertex of the sand-pile as indicated in Figure 5.2,
with gravity shown acting in the vertically upwards direction. The basic idea is that
the stress distribution in a sand-pile of infinite height is determined and then the
horizontal and vertical forces acting along a horizontal plane at a finite height are
evaluated. Clearly the problem for a finite sand-pile, resting on a rigid horizontal

plane is different to that examined here, but nevertheless the two force distributions
would be expected to be similar. As previously stated, initially the solutions for
gravity flow of granular materials in converging wedges are used which assumes
that the entire sand-pile is at yield. A formal exact parametric solution for the
special case of an angle of internal friction equal to ninety degrees is determined,
and it is only for this special case that a numerical solution that satisfies all the
necessary boundary conditions can be determined for both v and F negative. Next,
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a slightly more general form of the stresses than that proposed by Jenike [33, 35, 36]
is assumed. From this formulation a numerical solution for only the angle of internal

friction equal to the angle of repose, which of course is the physically relevant case,
can be determined. However, the resulting solution fails to allow zero stress of arg at
the centre of the sand-pile and is therefore non-physical. Finally, a sand-pile which
made up of two regions, an inner dead region and an outer yield region is proposed.

From a full numerical solution for the outer yield region, it is found that the solutio
actually follows a simple well known exact solution of the governing equations for

which the stresses are linear in both x and y. From this observation, a possible stress
distribution in the inner dead region is deduced, which is also linear in both x and y
and satisfies the equilibrium equations, but not the Coulomb-Mohr yield condition,
and is not uniquely determined. However, the resulting force distribution has the
characteristic M-shape of the experimental curves of Smid and Novosad [51].
It should be noted that the solutions determined within this Chapter only apply
for situations where the granular material is cohesionless. It should also be noted
that the particular continuum theory of granular materials adopted here ignores
the initial arrangement of the individual granular particles within the sand-pile.
However, in practice the packing or the manner in which the granular particles are
assembled plays an important role in determining the stress distribution within the
sand-pile, especially at the base. Despite this, it is expected that the continuum
approach adopted here will give some insight into the underlying stress distribution
within the sand-pile.
In the following Section for two-dimensional sand-piles the basic equations of
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the continuum theory of granular materials are briefly stated and expressions for
horizontal and vertical force resultants are given. As previously mentioned the
notation of Spencer and Bradley [53] has been adopted, noting again that in this
problem gravity acts in the opposite direction and the x-axis denotes the vertical
direction. In the subsequent Section, a number of additional relations involving
boundary values are derived. These additional boundary relations are derived on
the assumption that the derivative of the stress angle ip defined by (5.4) at the
surface of the pile remains finite and that both F and ip are negative. A numerical
scheme making use of these additional relations indicates that no solution exists,

and therefore the case when this derivative becomes infinite needs to be considered.
A formal exact solution of the governing equations for two-dimensional sand piles

for the special case of an angle of internal friction equal to ninety degrees is de
and details for this exact solution are presented in Appendix C. It turns out that
only for this special case does the formulated problem admit a solution.

In Section 5.4, an alternative formulation to that proposed in Section 5.2 is
examined, which produces a non-physical solution in the sense that the stress arg
does not have the correct symmetry. In Section 5.5, a sand-pile that has an inner

dead region and an outer yield region is considered, and a solution that exhibits th
same behaviour as the experimental data shown in Figure 5.1 is determined. In the

final Section of this Chapter, numerically determined stress solutions for each of t
three models are shown graphically and are compared with the the experimental
force distribution curves.
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5.2 Basic equations of continuum theory

For quasi-static plane flow, the stress components in a cylindrical polar coordinate
system (r, 0, z) defined as shown in Figure 5.2, satisfy the equilibrium equations
darr
~a
dr

1 darg
arr - aee
'
an~ "i
= — pa cos 0.
r d0
r
(5-1)
dar0
ldagg
2ar0
.
=
+ ~~~ P9sm0,
dr + rZ~aE~
d0

where p is the density, g is the acceleration due to gravity and arr. a9B and arB denot
the in-plane physical stress components. Following Spencer and Bradley [53] these
components can be expressed in the standard form

arr = —p + qcos2ip, agg = -p - qcos2ip, arg = q sin 2v. (5-2)
where p and q are defined by

P= -farr + agg), 0 = [\{arr - agg)2 + a2g] , (5-3)
while ip is defined by
tan2V-=,

2ar

°

v

(5.4)
(0 rr - agg)

and physically ip is the angle between the maximum principal stress axis and the
radial direction, in the direction of increasing 0. For a cohesionless material, the
Coulomb-Mohr yield condition takes the form

q = Pp, (5.5)

where P = sin(p and 0 is a material constant referred to as the angle of internal
friction.
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Following Jenike [35] and Spencer and Bradley [53], solutions of the form

ip = iP(0), q=-pgrF(0). (5.6)
are examined and from the above equations the following governing equations ma}'
be deduced,
dF
Fsin2ip + Psin{2ip + 0)
d0 ~
P + cos2ip
'
(5.7)
d?/)

_ F(P~l -P) + cos0 + pcos(2v + 0)

d0

"

2F(/3 + cos2f)

N o w for a symmetrical stress distribution and for zero stress along the sand-pile
slope, the following conditions arise

ip{0)=0, F{Q) = 0, (5-8)

where a denotes the semi-vertex angle. Observe from the equilibrium equations (5.1
that if 0rr and agg are assumed to be even functions of 0, then arg is necessarily

odd function or skew-symmetric and therefore arg vanishes at the origin, and hence

the condition (5.8)i. Thus, the governing equations (5.7) must be solved subject t

(5.8). In general this can only be attempted numerically. Note that for the specia
case of P = 1 (<P = 7r/2) a possible alternative boundary condition to (5.8)2 is

ip(a) = ±7r/2. In this special case, this is sufficient to guarantee zero stress o
surface, and this indicates possible non-uniqueness in the decomposition (5.2).
Now, expressions for the horizontal and vertical force distributions acting along

a plane x = constant are evaluated. In cylindrical polar coordinates (r. 0. z) the
normal vector to the plane x = constant has components
nr = cos 0, ng = — sin^. nz = 0, v-*-9,)
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and therefore the in-plane stress vectors ar and ag are determined from
ar = arr nr + arg ng = cos^ arr - sin^ ar0.
(5.10)
C0 = OrO nr + agg ng = cos 0 arg — sin 0 agg.

From Figure 5.2 it is clear that the vertical and horizontal stress vectors 0- and
are obtained from

ax = ar cos 0 - ag sin 9, ay = ar sin 0 + ag cos 9, (5.11)
and therefore from (5.10) and (5.11), the expressions
ax = cos2 0 arr - 2sin0cos0 ar6 + sin2 0 agg.
(5.12)
ay = sin 0 cos 0 (arr - aee) + (cos2 0 - sin2 0) arg,
may be deduced. Hence (5.2), (5.5) and (5.12) gives simply

ax =-q {p-1 - cos2(ip + 0)} , ay = qsin2(v + 0). (5-13)
Along the plane x = constant = h means that r = hsec0 and therefore (5.6) and
(5.13) gives

crx = pgh^l^-cos2[iP(0)+0}\, ay = -pgh^sm2[V{0) + 0], (5.14)
as the required expressions for the vertical and horizontal force distributions.

the three models considered, these force distributions are shown graphically in th
final Section.
Finally, note that (5.7) admits the special exact solution

1>(0) = -d + ik, F(0) = -—^—-{cos0 + 3cos(2vo-0)}. (5.15)

(1-P )
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where ip0 is a constant, but in general, it is observed that (5.15) can only sati
one of the boundary conditions of (5.8). In the following Section some additional
boundary relations from (5.7) and (5.8) are determined.

5.3 Additional boundary relations

From (5.7) and (5.8) it is possible to derive additional relations involving bou
values. First at 0 = 0, from (5.7) and (5.8)i gives

F(0) = 0, ,//((,) = I g-3

+

-l-.}, (5.16)

where the prime throughout the Section denotes differentiation with respect to 0

Now at 0 = a, an assumption needs to be made as to whether tp'{a) remains finite

or not. From the numerous numerical solutions given by Bradley [11] for a differ

set of assumed boundary conditions, it is clear that this may or may not be the c
The essential point is that ip'(a) is either finite or infinite. If it is finite

additional boundary relations can be deduced and for ip(0) negative, it appears n

possible to construct a numerical solution which is entirely consistent with all

the derived boundary relations. Accordingly, this leads to examining the case whe

tp'(a) is infinite. However, for completeness the additional boundary relations w
apply when ip'(a) is finite are noted first.
Assuming ip'(a) is finite and also that p > cos a then from (5.7)2 and (5.8)2 it
is seen that this can only occur provided

cosa-f/?cos[2^(a) + a] = 0, (5.17)
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which gives rise to the four distinct roots between -ir <ip <ir,
it \ i n a 1 -1 fcosa\
>«a) = ± - - - ± - c o s ^ _ j ,

(5.18)

where the ± signs are independent. For example, the first negative root is

^a)

=

~2 |7r

+ Q cos_1

-

(~p) f • (519)

and from (5.7)i and (5.19) shows that
F

'(Q)= r T7*r—T^TT^T- (5.20)
[sin a — (P2 — cos2 a)1'2]

provided that p > cos a and note that F'(a) becomes infinite for 3 = 1. Further,

since ip'(a) is assumed to be finite, then (5.17) is obtained on the basis that bot
the numerator and denominator of (5.7)2 must vanish at 0 = a. This means that
THopital's rule may be applied to (5.7)2, which gives
F'(a)(p-i -P)-sina- psin\2t:(a) + a}[l + 2y'(a)]
^^ + 1 = 2F'(a)[/? + coS2^(a)] ' (5"21)
and on simplifying this equation using (5.19) and (5.20) and again assuming that
P > cos a then the remarkably simple result
iP\a) = -1, (5.22)
is obtained. Similarly, for
i;(a) = Un - a + cos'1 (^jY (5.23)
F'(a) and ip'(a) are given by (5.20) and (5.22) respectively. However, for
^) = i|±7r-a-cos-1^)}. (5.24)
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F'(a) is given by
F'(a) = T TJm o x1/91, (5.25)
[sm a + (P2 - cos2 a)1'2]
provided that P > cos a and ip'(a) is still given by (5.22).

'

Alternatively, upon eliminating F from (5.7), the following second order differential equation for ip(0) may be deduced,
{P + cos 2ip) [cos 0 + P cos(2ip + 0)]iP"

= 2{ip' + l){ sin2ip[cos0 + pcos{2ip + 0)]fr (5-26)

-2P(p + cos2iP) sin(2iP + 0)iP' - (3/?2 +

23COS2IP

- l)sin(2t' -f 0) } ,

and from this equation it is clear that one possibility when (5.17) holds is certain
ip'(a) = — 1, which agrees with (5.22). However, another possibility arises from
2P{P + cos 2iP)ip' + 3P2 + 2P cos 2iP - 1 = 0, (5.27J
and this equation gives rise to
iP'(a) = -| ±

SlnQ
2

(5.28)
2

2(a 2 — cos2 a)1'2

where the minus sign in (5.28) refers to ip(a) given by (5.19) and (5.23), and the

plus sign to (5.24) respectively. Note that in the derivation of (5.28), the assumpti
P > cos a must still hold. The essential point is that on the assumption that

ip'(a) remains finite, certain additional constraints on ip(0) are obtained which th
numerical solution of (5.26) indicates are not possible to satisfy simultaneously.

Accordingly, ip'{a) is assumed to be infinite and that it occurs at the first zero o
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P + cos2ip(a) = 0. Also note that (5.28) can be derived from (5.21) when F'(a)
i
IS

infinite. In addition, observe that the positive case of (5.28) again yields V'(Q
in the special case of P = 1.
As shown in Appendix C, equation (5.26) for the special case of 3 = 1 admits
an exact parametric solution for ip(0), namely

(27^/2 tan a
tan# = 2e-V2A-V2 + j(A)'

F,e) =

eA/2 [2TT tan2 a + J(A)2]

4AV2 |2TT tan2 a + [2e~x/2X-1/2 + J(A)]2} '

where 0 < A < oo and the integral J(A) is defined by

J(A) = (27r)1/2erf(A/2)1/2.

(5.30)

As described in the final Section of this Chapter, a bona fide solution of the for-

mulated problem only exists for this special angle of internal friction. For all o

values of P at least one of the stated conditions is not satisfied. As an aside, no

that the condition cos a < P is equivalent to the statement that the angle of repos

of the sand-pile is less than or equal to the angle of the internal friction. This

is the same condition as the requirement that for a particle at rest on the surfac
the sand-pile, that the frictional force F and the normal reaction N are such that
F < pN where p = tan (p.
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5.4 Alternative formulation
An alternative formulation of the problem can be obtained by assuming
arr = rL{0), arg = rM(0), a9e = rN(0). (5.31)

for certain functions of 0, L(0), M(0), and N(0). From this assumption, (5.1)
M' + 2L-N = -pg cos 0, N' + 3M = pg sin 0, (5.32)
while the yield condition (5.5) becomes
{(L - N)2 + 4M2}V2 = -3(L + N). (5.33)
or, in other words
(1 - P2)(L2 + N2) - 2LN(1 + 32) + 4M2 = 0. (5.34)
Now from (5.33) it is clear that L + N < 0 is required, while (5.34) is only

provided the product LN > 0. Accordingly, the functions L(0) and N(0) are bot

negative. The skew-symmetry of arg and the vanishing of the stress on the surf
of the sand-pile means that the differential equations (5.32) must be solved
to
M(0)=0, M{a) = 0, N(a)=0. (5-35)

Note the following observations. Firstly, the condition M(0) = 0 and the diffe
ential equation (4.2)2 are sufficient to ensure iV'(O) = 0. Secondly, for 3 ?-

clear from (5.34) that these boundary conditions require in addition that L(a
Now on solving (5.34) as a quadratic gives
L(0)

= ^-^y {(1 + P2)N(0) - 2 [p2N(0f - (1 - 32)M(0)2}1/2} . (5.36)
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where the negative sign has been chosen so that L(0) remains finite in the limit 3
tending to unity. From (5.32) and (5.36), two nonlinear coupled equations may be
deduced for the functions M(0) and N(0), namely

M +

' \T^WIN

= -P9^s0 + j^^[p2N2-(l-32^1/2
(5.37)

N' + ZM = pg sin0,

which are required to be solved subject to the "three" conditions (5.35). Note that
for the solution of (5.37) to remain valid, M{0) and N{0) must satisfy \M\ < -N tan
where N(0) is known to be negative. As discussed in Section 5.6, the numerical re-

sults for P 7- 1 indicate that it is not possible to determine solutions of (5.37) w
satisfy all three conditions (5.35), as might be anticipated.

As previously stated, a numerical solution of (5.37) subject to the 'three" boundary conditions (5.35) has attempted to be determined, where the three boundary
conditions are determined from the assumptions of skew-symmetry of arg and zero
stress on the surface of the sand-pile. In general, it is not possible to determine
solution for this over determined system. However, a numerical solution of (5.37)
subject to the two boundary conditions (5.35)2 and (5.35)3 may be determined, but

only for the special case of the angle of internal friction equal to the angle of re
that is P = cos a. This is because from (5.37)i, \M\ < -A'tano is required but the
numerical results for P > cos a indicate that this inequality is not satisfied over
entire range 0 < 0 < a.
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5.5 Solution structure incorporating an inner dea
region and an outer yield region
In Section 5.3 the entire sand-pile is assumed to be at yield, and (5.7) is solved

subject to (5.8). However, a numerical solution is only able to be determined for th

special case of P = 1, which coincides with the exact parametric solution (5.29). I

Section 5.4 the entire sand-pile is also assumed to be at yield, but instead of usi
the standard ip(0) and F(0) stress decomposition defined by (5.2), a slightly more

general form of the stresses defined by (5.31) is used, and a numerical solution is
only determined for the special case of P = cos a. However, in this Section it is
assumed that the sand-pile has an inner dead region for 0 < 0 < 7, and an outer
yield region for 7 < 0 < a, where 0 = 7 is the boundary between the two regions

as shown in Figure 5.2. In the following two Subsections the two regions within the
sand-pile are examined.

5.5.1 Outer yield region

In the outer yield region of the sand-pile, the stresses are at equilibrium and als
yield. This means that the stresses satisfy the equihbrium equations (5.1) and the
Coulomb-Mohr yield condition (5.5), and therefore the governing equations (5.7).

Again, assume that there is zero stress on the slope of the sand-pile which provide
the boundary condition for F(a) of (5.8)2, and upon assuming that v'{a) is finite

shows that ip(a) is given by (5.19). This gives us two boundary conditions at 0 = a
from which (5.7) can be numerically solved backwards towards 0 = 7.
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In the following Section the numerical solution of (5.7) subject to (5.8)2 and

(5.19) is found, and it remarkably turns out to be the simple exact solution (5.15).
where the constant ip0 is determined from (5.15)i and (5.19). This means that the

exact form of the solution is known in the outer yield region, and from (5.2), (5.5)
(5.6) and (5.15) gives that the cylindrical polar stresses arr.agg, and ar0 are

pgr [1-p cos 2(ip0 - 0)\ [cos 0 + p cos(2^0 - 0))

^

(I-/?2)

'

_
cree-

pgr [1

+PCOS2{IPQ

- 0)\ [cos0 + pcos{2iP0 - 0)}
^ — ^
,

,_ __>
(5.38)

pgrpsin2{ip0 - 0) [cos0 + Pcos{2ip0 - 0)}
Ure

~

(1 - P2)

which from (5.12) or Hunter [31] (page 102), gives

pg [1 — P cos 2^0] [(1 + P cos 2ipQ)x + 3y sin 2ip0]

°

a

xx =

yy ~

(1 - P2)
pg [1 + p cos 2^Q] [(1 + P cos 2^0)x + 3y sin 2ip0]
(1 - /?2)
'

, „q,

pgPsin 2-00 [(1 + P cos 2ip0)x + Py sin 2^0]
axy —

In the following Subsection the stresses are assumed not to be at yield in an inner
dead region, but satisfy the equilibrium equations and remain continuous across the
boundary at 0 = 7, where 7 is yet to be determined.
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5.5.2 Inner dead region
In the inner dead region of the sand-pile, the stresses are assumed to satisfy

equilibrium equations, but not the equality of the Coulomb-Mohr yield condition

(5.5). Instead, the stresses are not uniquely determined but must satisfy the st
inequality

q < Pp, (5.40)

where p and q are defined by (5.3). Now, an assumption about the form of the

stresses needs to be made. As (5.39) shows that the stresses in Cartesian coord
in the outer yield region are linear in both x and y, then the stresses in the
dead region are also assumed to be linear in both x and y so that

<?xx = ~pg{Ax + By), ayy = -pg(Cx + Dy), axy = pg{Ex + Gy). (5-41)

where A, B, C, D, E, and G denote constants. Note that the equilibrium equation
(5.1) in Cartesian coordinates become

daxx do^y _ da^y da^ _ ,g ^
~dx~+

dy

~

P9

'

dx

+

dy

^

so that the stresses defined by (5.41) satisfy

E = D, G = A-1. (5-43)

Across the boundary 0 = 7 between the two regions, both 0-0 and agg are require
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to remain continuous. Therefore, (5.41), (5.43), and Hunter [31] gives
arr = -pgr {[A
+ [B

COS2

COS2

0 + C sin2 0 - D sin 20] cos 0

0 + D sin2 0-{A-l) sin 20] sin 0) .

(Tgg = -pgr {[,4 sin2 0 + C cos2 0 + D sin 20cos0
:s.44i
2

2

+ [B sin 0 + D cos 0 + (A - 1) sin 20] sin 0} .

°T&

= pgr {[(A - C) sin 0 cos 0 + D cos 20] cos 0

+ [(£ - £>)sin0cos0 + (A - 1) cos 20] sin 0} ,
and upon equating (5.38)2 with (5.44)2 and (5.38)3 with (5.44):i at 0 = 7, then
expressions for C and D are determined in terms of .4 and B, namely
[cos 7 + P cos(2^0 — 7)] 1 — 3 sin2 7 + 3 cos 2i'0 - 3sin 7. sin(2t;0 - 7)]
C

=

(l-/? 2 )cos 3 7
+ 3,4 tan2 7 + 2B tan3 7 - tan2 7,
(5.45)

D

[cos 7 + P cos(2V"o - 7)] [sin 7 + Psin(2ip0 - 7)]
(l-/? 2 )cos 2 7
-2,4 tan 7 - B tan2 7 + tan 7.

Now in order to determine A and £?, assume that axx and 0X!/ are continuous at
0 = 7, and hence, comparing (5.39)i with (5.41)i gives
[1 - P cos 2V>o][cos7 + ,r?cos(2^o-7)] _ A
5
(1-/J 2 ) sin 7

t

„,

(5.46)

and then from comparing (5.39)3 with (5.41)3 at 0 = 7- noting (5.43) and (5.45).
gives
[1 - P cos 2^o] [cos 7 + P COS(2C'Q - 7)]

A =

2

(1 — /? )cos7

B tan 7.

(5.47)
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and note that the two equations (5.46) and (5.47) coincide. In order to ensure th
ar0 is an odd function or skew-symmetric choose B such that ar0 = 0 at 0 = 0,
which from (5.45) and (5.47) gives
[l+pcos2ipo]

1 |

/3sin(2^ 0 -7)

2

(1 - p )

B

c

=

sin 7

[sin7 - Psin{2iP0 + 7)] [cos 7 + Pcos(2y0 - 7)]
77 m, . 2
cot 7.
2
(l-/3 )snT7

[1 + PCOS2IPQ]

(5.48)

I" __ Pcos{2iP0-1)

2

(1 - p )

cos 7
and D = 0. Note that assuming the stresses a00,ar0,axx, and axy are continuous
across the boundary at 0 = 7, ensures that both a„ and 0^ are also continuous
at 0 = 7. However, Figure 5.8 shows that while the derivatives of agg and aT0 are

continuous across the boundary, the derivative of a„ is discontinuous. Note that i

B is alternatively determined so that the derivative of arr is continuous across th
boundary at 0 = 7, then remarkably the solution given in Section 5.4 is obtained.

This means that if all the stresses and their derivatives are assumed to be conti

across the boundary 0 = 7 then the full equality of the yield condition (5.5) hold

in the dead region. In other words, there is no dead region as the inner region is
also at yield. Thus, the derivative of arr must be assumed to remain discontinuous
across the boundary at 0 = 7.
Now, consider how to determine a value of 7, which is not unique but instead

is such that the stresses satisfy the strict inequality (5.40) throughout the ent

inner dead region. Numerical results indicate that if the strict inequality (5.40
satisfied at 0 = 0, then it is always satisfied throughout the entire inner dead
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3.2 i-

Figure 5.3: Variation of the L H S (

) of the inequality (5.40) versus the R H S (• • •)

of the inequality (5.40) for the two values of 7 = 0.37 and 7 = 0.39 showing that
the value 7 = 0.37 is too small whereas the value 0.39 is sufficient.

This is shown in Figure 5.3, where for 7 = 0.37 and 7 = 0.39 the L H S (

) of

the inequality (5.40) versus the RHS (• • •) of the inequality (5.40) has been plott
The value 7 = 0.37 is such that the inequality (5.40) is not satisfied at 0 = 0 and

elsewhere, whereas for 7 = 0.39, the inequality (5.40) is satisfied at 0 = 0 and also
throughout the entire inner dead region which means that the value 7 = 0.37 is too

small but 7 = 0.39 is sufficiently large to ensure the inequality is satisfied throu
the entire dead region. Therefore, upon considering the inequality (5.40) at 0 = 0,
where the Cartesian stresses (5.41) have been used with constants A.B.C,D.E.
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and G defined by (5.43) and (5.48), then the inequality
sin2 (2ip0 - 27) < [sin 27 + 0 sin 2^0]2, (5.49)
may be deduced and upon assuming that sin(2^0 - 27) < 0, the inequality below is
obtained,
7 > £ K > + -T - cos l(P cos ^ 0 )] •

(5.50)

However, of course (5.50) does not give a unique value of 7, but only determines a

range for 7 which ensures that the inequality (5.40) is satisfied. Here the smallest
value of 7 which satisfies (5.50) is adopted. In the following Section, the stress
butions for the three proposed models for a two-dimensional sand-pile are displayed
graphically.

5.6 Numerical results
The experimental results shown in Figure 5.1 given by Smid and Novosad [51], were
obtained at various stages during the pouring of a three-dimensional heap. When
the heap was at height h, the horizontal and vertical stresses were measured at the
base of the heap. The material used was sand for which the angle of repose was
32.6° and the average bulk density was determined as p = 1567 kg/m3.
In the previous Sections, three possible models have been proposed for determining the stress distribution throughout a two-dimensional sand-pile. In order to
numerically solve the two-dimensional sand-pile equations given by (5.7) subject to
the two-point boundary conditions (5.8), an iterative scheme needs to be used to

determine successive numerical solutions that converge to the solution that satisfi
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both (5.7) and (5.8). On the assumptions that ip'(a) is finite and both F and v

are negative, then a numerical solution satisfying all three conditions (5.8)!, (5.19).
and (5.22) is unable to be determined. This is because ip(a) is beyond the first

singularity of the system (5.7), or in other words, the first zero of 3 + cos2v(a) = 0

Accordingly, assume ip'(a) is infinite and that this occurs precisely at the first z
of P + cos2ip(a) = 0. Following [13], both a Shooting Method, which involves a
Runge-Kutta scheme, and a Nonlinear Finite-Difference Method have been used to

determine a solution to (5.26) subject to (5.8), where as previously stated (5.26) is
deduced from eliminating F from (5.7). Note that both the Shooting Method and
Finite-Difference Method give identical results and for the case 3 = 1 coincide with
the exact solution given by (5.29). Figure 5.4(a) shows the numerically determined
solution for ip(0), for three values of P, namely 3 = cosa,P = 0.75, and 3 = 1,
where a = (287/900)7r which gives an angle of repose of 32.6°. and ip(a) is given by
the first negative root of P + cos2ip(a) = 0. F(0) is then determined from (5.7)i
which is solved as a first order differential equation subject to (5.8)2 and is shown
Figure 5.4(b). Notice from Figure 5.5, which shows the variation in arg and agg, that

the zero stress conditions on the surface are only satisfied for P = 1. In this speci
case the vertical and horizontal force distributions, as determined from (5.14), are

shown in Figure 5.6. It is clear from Figure 5.6 that for P = 1 the vertical and hori
zontal forces do not predict the dip exhibited by the experimental results presented
in Figure 5.1.
For the alternative formulation proposed in Section 5.4, a numerical solution of
(5.37) subject to the three boundary conditions (5.35) is unable to be determined.
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(b).

Figure 5.4: Variation of ip(0) and F(0) for two-dimensional sand piles using an
angle of repose of 32.6° (a = 1.0018) with three angles of internalfriction,namely
0 = cosa,cp = 0.75, and </> = TT/2. ((a) ip{0) and (b) F(0)).

p = cos a

(a).

(b).

Figure 5.5: Variation of ar0 and agg for two-dimensional sand piles using an angle
of repose of 32.6° (a = 1.0018) with three angles of internalfriction,namely 6 =
cos a, (p = 0.75, and (p = ix/2. ((a) ar0 and (b) a00).
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Figure 5.6: Horizontal and vertical force distributions for a two-dimensional sandpile for P = 1.

which in general is to be expected. However, if only the two boundary conditions
(5.35)2 and (5.35)3 are considered, which ensures zero stress on the boundary of the

sand-pile, then a numerical solution can be determine only for the physically releva
case of P = cos a, and the results are shown in Figure 5.7. The graphs shown in
Figure 5.7 clearly do not posses the necessary symmetry since arg is evidently nonzero at the origin.
Finally, as described in Section 5.5 a two-dimensional sand-pile with an inner
dead region and an outer yield region is examined, where 0 = 7 is the boundary
between the two regions. Note that remarkably the numerical solution for the outer

yield region always gives identically the special solution of (5.15) where 7 is dete
mined to be the smallest value that satisfies the inequality (5.50). As described in
Section 5.5, the stresses in the outer and inner regions are able to be analytically
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Figure 5.7: Variation of arr,ar9, and aee as defined by (5.31), for two-dimensional
sand-piles for p = cos a. ((a) arr, (b) ar6, and (c) agg).
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Figure 5.8: Typical variation of arr,arg, and agg for a two-dimensional sand-pile
with an inner dead region and an outer yield region for P = 2/3 and 7 = 0.382. ((a)
arr, (b) arg, and (c) aee).

determined. Figure 5.8 shows the variation of arr, arg, and agg with respect to 0 for
P = 2/3, 7 = 0.382, and h = 10. Note from Figure 5.8 that both the derivatives of
arg and agg with respect to 0 remain continuous across the boundary between the
inner dead region and the outer yield region at 0 = 7, whereas the derivative of arr
is discontinuous. This means that the derivatives of horizontal and vertical forces
will also be discontinuous as shown in Figure 5.9. However, Figure 5.9 shows that
the horizontal and vertical forces do indeed posses the qualitative features of the
experimental results presented in Figure 5.1. In fact, the location of the m a x i m u m
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Figure 5.9: Variation of the horizontal and vertical force distributions for a twodimensional sand-pile with respect to 0, for stresses from Figure 5.8.

vertical stress may be identified to be the boundary between the inner dead region
and the outer yield region at 0 = 7.

5.7

Conclusions

Three possible models have been proposed to solve the problem of determining the
force distribution at the base of a two-dimensional sand-pile. Initially, the Jenike
solutions for radial flow in a converging wedge were made use of. but with gravity

acting in the opposite direction. For the special case of an angle of internal frictio
equal to ninety degrees an exact analytical solution has been determined which coincides with a full numerical solution of the problem. However, for more realistic

angles of internal friction, numerical results indicate that it is not possible to det
mine a solution which satisfies all the required conditions. While many materials
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such as Coal and Silica do exhibit large angles of internal friction such as 80 degree

and 78.34 degrees respectively, the exact analytical solution for an angle of interna
friction equal to ninety degrees does not exhibit the experimentally determined profile obtained by Smid and Novosad [51]. For the second proposed model, a stress
distribution which is slightly more general than that proposed by Jenike for radial
flow in a converging wedge is assumed. However, a numerical solution only for the

special case of an angle of internal friction equal to the angle of repose is obtaine
this solution exhibits a non-zero stress arg beneath the sand-pile vertex and therefore does not posses the correct symmetry. Finally, a sand-pile that has an inner
dead region and an outer yield region have been assumed. By numerically solving
the outer yield region shows that the solution follows the special exact solution of
(5.15), which means that the stress profile throughout the entire sand-pile may be
determined analytically, with stresses which are linear in both x and y. This model
does exhibit the experimentally determined M-shaped profile as obtained by Smid
and Novosad [51], where the location of the maximum vertical pressure is at the
boundary between the two regions at 0 = 7, where 7 is determined as the smallest
value satisfying the strict inequality (5.50).

Chapter 6

Force distributions at the base o
three-dimensional sand-piles

6.1 Introduction
Throughout the world, granular materials are commonly used in many industries.

These industries, such as the chemical industry that use fine powders, and the minin
industry that deals with large irregularly shaped ores, frequently store granulated
material in heaps. Knowledge of the stress distribution throughout the heap and

particularly at the base, is therefore of importance, as this will enable us to be ab
to predict the amount of settlement, caking, comminution and overall deterioration
of the stored material. Knowing the location of the maximum vertical pressure ensures that stock-piles can be arranged to ensure the best endurance of the stored
material. Intuitively, it might be expected that the maximum vertical pressure
lies directly beneath the vertex of the sand-pile. However, Smid and Novosad [51]
118
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showed experimentally that this is not the case, but rather that it occurs at some
intermediate point, so that there is a ring of maximum vertical pressure. This re-

sult has attracted much attention, both in the popular scientific literature (see for
example Watson [54, 55]) and has produced numerous discrete and computational
models which attempt to explain this curious phenomenon (see Savage [48] for an
extensive and critical review of the literature). In this Chapter, three-dimensional
sand-piles are examined using the proper continuum mechanical theory of granular
materials and a model is proposed which is not entirely at yield, but contains an

inner dead region. This model does give rise to the essential profile of the M-shaped
curves from the experimental work of Smid and Novosad [51]. Such a model is by
no means unique and similar models incorporating inner elastic regions have been
proposed by Cantelaube and Goddard[15], Cantelaube, Didwania and Goddard [14]
and Didwania, Cantelaube and Goddard [20]. The work in this Chapter differs in
that the inner dead region is not prescribed to be elastic, but merely is a possible
equilibrium state. The solutions first used by Jenike [33, 35, 36] and Johanson [39]
are utilized which describe gravity flows of granular materials in converging cones.
Note that these solutions have been re-examined more recently by Bradley [11] and
Spencer and Bradley [53] and for convenience the notation of the latter authors is

adopted, with the exception that gravity in this problem is acting in the opposite di
rection to their problem. Also note that these authors adopt the unusual convention
of the a:-axis being vertical.
Consider an 'infinite' three-dimensional sand-pile and set up the coordinate axis
at the vertex of the sand-pile as indicated in Figure 6.1, with gravity shown acting
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A -iCTRe

\ \ / ' /*a0e

gravity \ \ / /

Figure 6.1: Coordinates for a three-dimensional sand-pile with an inner dead region
and an outer yield region with the boundary at 0 = 7.

in the vertically upwards direction. The basic idea is to attempt to determine the

stress distribution in a sand-pile of infinite height and then evaluate the horizontal
and vertical forces acting along a horizontal plane at a finite height. Clearly the

problem for a finite sand-pile, resting on a rigid horizontal plane is different to th
examined here, but nevertheless the two force distributions would be expected to be
similar. Here a sand-pile is proposed that is made up of two regions, an inner dead
region and an outer yield region. For the two-dimensional sand-piles considered in
the previous Chapter, a full numerical solution for the outer region shows that the

solution actually follows a known simple exact solution of the governing equations for

which the stresses are linear in both x and y. From this a possible stress distributio
is deduced in the inner dead region that is also linear in both x and y and which
satisfies the equilibrium equations and the strict inequality of the Coulomb-Mohr
yield condition which means that the material in the inner region is not at yield
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and also that the stresses are not uniquely determined. However, the resulting force
distribution that are found do have the essential profile of the M-shaped curves of
the experimental curves of Smid and Novosad [51]. For three-dimensional sand-

piles a similar situation applies except that in the outer plastic region the numer
solution determined does not correspond to any well known exact solution of the
governing equations. Instead, in the inner dead region the stresses are assumed to
involve quintic polynomial expressions in sin0 and cosG which are subsequently
shown to determine a stress distribution that has the essential M-shaped profile.
In the following Section the basic equations of the continuum theory of granular
materials are briefly stated and expressions for the horizontal and vertical force

sultants are given. As previously mentioned the notation of Spencer and Bradley [53]

are followed, noting again that in this problem gravity acts in the opposite direct

and the x-axis denotes the vertical direction. In the final Section of this Chapter,
the numerically determined stress solutions for the model are shown graphically and
are compared with the experimental force distribution curves.

6.2 Basic equations of continuum theory
For quasi-static axially symmetric flow, the stress components in a spherical polar
coordinate system (R, 6, $) satisfy the equilibrium equations

^T + 4-^ + ^2(JRR ~ ^ee - a** + <r*ecot 6) = -pgcosS,

dR

R dO

R

(6.1)
daRe 1 daee 1 3 . „

IR

+

R~de~

+

fl(ffee -

at )cote

*

+ JaRe

= wsme

'
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where p is the density, g is the acceleration due to gravity and ffM)ffee.-*» and
0/ee denote the physical components of stress. Assuming the 'Haar-von Karman
region for which two principal stresses coincide, then
(?RR = -p + qco82ty, 0©© =-p-ocos2fr.
(6.2)
&RG

= q sin 2fr,

a^ = -p - q,

may be deduced, where
P=-_(<rRR

+ <ree), q =

{\(°RR

-

<T&Q)2

+ cr2Re}

,

(6-3)

while fr is defined by
tan 2 fr =

2(7RG

, (6.4)

{aRR - 0 6 e)
and physically fr is the angle between the direction of the maximum principal st
and the radial direction, measured in the direction of 0 increasing.
Following Jenike [35] and Spencer and Bradley [53] solutions of the form
fr = fr(0), q = -pgRG(Q), (6-5)
are examined and from the above equations the following governing equations may
be deduced,
dC 2G'sinfr{cosfr - ffcosec© sin(0 + fr)} +/?sin(0 + 2fr)
d0~ 0 + cos2fr
(6.6)

dfr _ G{/g-1-2/J-l-(l+/J)cosec0sin(0 + 2fr)}+cos0+/?cos(0 + 2fr)
d0 + 1_ 2G(/J + cos2fr)
Now for a symmetrical stress distribution and for zero stress along the sand-pile
slope, gives rise to the following conditions
fr(0) = 0, G{a) = 0, (6J)
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where a denotes the semi-vertex angle. Observe from the equilibrium equations
(6.1) that if aRR, 0©©, and 0$$ are assumed to be even functions of 0, then aRe
is necessarily an odd function or skew-symmetric and therefore aRQ vanishes at the

origin, and hence the condition (6.7) 1. Thus (6.6) must be solved subject to subjec
to (6.7). In general this can only be attempted numerically.
Similarly from the previous Section, expressions for the vertical and horizontal force distributions along the plane Z = constant = h where R = /isec0 are
determined to be

vz =

pghQ®lU

cos2[fr(0) + 0]j, ar = -pgh^sin2[ne) + e), (6.8)

™ cos© \P

L

J

cos0

where in this context r and Z denote the cylindrical polar radius and height as
indicated in Figure 6.1.

6.3 Solution structure incorporating an inner de
region and an outer yield region
In this Section, a three-dimensional sand-pile is assume which has as inner dead
region for 0 < 0 < 7, and an outer yield region for 7 < 0 < a, where 0 = 7 is
the boundary between the two regions as shown in Figure 6.1. In the following two
Subsections the details for the two regions are provided.

6.3.1 Outer yield region
In the outer yield region of the three-dimensional sand-pile, the stresses are at
equilibrium and also at yield. This means that the stresses satisfy the equilibrium

Chapter 6: Force distributions at the base of 3D sand-piles

124

equations (6.1) and the Coulomb-Mohr yield condition

q = PP, (6.9)

where p and q are defined by (6.3), and therefore the governing equations (6.6).

Again, zero stress on the slope of the sand-pile is assumed which provides the bound

ary condition for G(a) of (6.7)2, and upon assuming that fr'(a) is finite then fr(a)
is seen to be given by

fr(a) = -i | TT + a - cos"1 (^ j 1, (6.10)

which gives us two boundary conditions at 0 = a from which a numerical solution
of (6.6) can be determined and solved backwards towards 0 = 7.
In the following Section the numerical solution of (6.6) subject to (6.7)2 is determined and it is seen that (6.10) does not remain continuous throughout the entire
region 0 < 0 < a. Instead, the solution encounters a singularity, in the sense that
the denominators of (6.6) become zero. This means there is a value of © which fr
satisfies the equation
cos2fr + /? = 0, (6.11)

and this value is denoted by 0 = 7. In other words, the location of the boundary

between the inner dead region and the outer yield region is where the numerical solu

tion first encounters the singularity defined by (6.11). when (6.6) is solved backwa
from 0 -= a, and this defines the angle 7.
In order to obtain a continuous solution throughout the entire sand-pile, the
value of the outer yield stresses at the boundary 0 = 7. needs to be known. The
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value 7 is known and is determined numerically, and -£(7) is defined by (6.11).
upon assuming that #(7) is the first negative root of (6.11). then
- (7) = -f - \ (6.12)

recalling that P = sin (p. Now, assuming that G'(i) and fr'(-) are finite, the
at 0 = 7, gives
G(7)sin2fr(7) - 2sin0G(7)cosec7sinfr(7)sin[7r + fr(~,)]
+ sin0sin[7-(-2fr(7)] = 0,
(6.13)
(1 + sin (p)G(i) {2 - cosec^ - cosec7sin[7 4- 2fr(7)]}
+ C0S7 + sin0cos[7 + 2fr(7')] = 0,
and from (6.12), both (6.13)i and (6.13)2 are found to give

sin(ftsin7Cos(7-ift)
—
TT(6-14J
Cr(7) = - — — —
sin0sin(7 — <p) — sm(7 -f- 0)
Accordingly, 7 is analytically indeterminant from this approach. Now, from (6.9

(6.2), (6.5), (6.12), and (6.14) expressions for the stresses aim, -*"/?©•-*"e©i a
at 0 = 7 are determined to be
tn \ D -1 + sin2 $)sin 7 cos(7 ~ <t>)
VRR(Rfr) = P^sin08in(7_0)_sin(7 + 0)'
cos 2 0sin7Cos(7-0)
09©(i?,7) - ^in^sin(7_0)_sill(7 + 0)'
(6.15)
sin 0 cos 0 sin 7 cos(7 - 0)
aRe(R, 7) = ^sin0sin(7_0)_sin(7 + 0)

,D .
(1 + sin 0) sin 7008(7-0)
0$*(i-,7) = /-*#-#sin0sin(7 — <p) — sin(^ + 0)
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and (6.15) enables us to ensure that the solution is continuous across the boundary
at 0 = 7. Also upon using (6.1) and (6.15) it is found that the derivatives of
aRe and 0©© with respect to 0, at 0 = 7, will be continuous across the boundary

between the inner dead region and the outer yield region. To ensure that all stresse

have continuous derivatives across the boundary, the value of the derivatives of the

stresses in the outer yield region need to be determined at the boundary. First, the
finite values of fr'(7) and G'(j) need to be determined in order to determine the
derivatives of the stresses defined by (6.2). At 0 = 7, fr(7) has been previously
determined and is given by (6.12) and (7(7) is given by (6.14), which means that
the numerators and the denominators of both equations (6.6) vanish and therefore
from THopitals rule, (6.6) gives
G' [2fr' cos (p + cosec7 sin(7 + (p) - sin 0cosec7 sin(7 - (p)]
= sin0sin(7 - (p)(l + 2fr') - 2G"fr'sin0cosec7[sin7 - cos(7 - (p)]
+(1 + sin0)G"sin(/>cosec27,
(6.16)
(1 + sin cp)G' [2 - cosec0 - cosec7 cos(7 - (p)]
= -4Gfr'2 cos <p - 2fr'[2G cos <p + (1 + sin (p)Gcosecj sin(7 - <p)
- sin0cos(7 - (p)] - (1 + sin0)(2cos0cosec27 - cos0sin(7. - (p),
where G is defined by (6.14). U p o n eliminating G' from (6.16), thenfr'must satisfy
the cubic equation
- 8 G cos2 0fr'3 - 4 cos 0fr'2 [4G cos 0 - sin 0 cos(7 - <p)]
+2fr' [(1 + sin 0)Gcosec27 {2 cos2 7 - 4 cos <psin 7 cos7 - 5 cos2 <p
+(1 — sin (p)(2 cos2 7 -I- 3 sin<p + 5sin7 cos(7 — </>))}
-\-(l + sin (p) cos 7 — (1 — sin <p) cos (p cos(7 — 0)] = 0,
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and obviously, one solution is fr'(7) = 0. The non-trivial solutions are given as
roots of a quadratic, thus

*'(7)

=

4Gc~^s~4> i

4GcoS(f)

- sin0cos(7 - <P)

2(1 + sin ±0)G2cosec27 [6 sin cpsin2 7 + 2 cos 0sin 7 cos 7
(6.18)
2

-2(1 - sin (p + 3 sin <p) - 10 sin 0 cos 7 sin(7 - 0)1
-4(1 + sin0)Gsin0sin(7 - <P) + sin2 0 cos2 (7 - 0) ""

where the numerical results presented in the following Section indicate that fr'(-)
takes the + sign in (6.18). Now, upon substituting (6.18) into (6.16)2 and using
MAPLE, then G'(j) is found to be given by

?'(7) = - { 2(1 + sin0)Gcosec27 cos 0 sin 7 cos 7 - 2 sin(7 - 0) sin(7 + 0)
+4 sin 0(1 — sin0) — 3 sin 0 cos 7 [cos 7 + sin(~- — 0)] 1
-f(l — 2 sin 0 - 2 sin2 0) sin(7 - 0) 4- sin(7 -f- 0)
+(1 + sin 0) sin 0cosec7 sin(7 — 0) cos(7 — 0) >
11 2cos0(1 + sin0)[2 — cosec0 — cosec7cos(7 — 0)] > (6.19)
2 cos 0 — (1 + sin 0)cosec7 sin(7 — 0)
2 cos 0(1 + sin 0) [2 — cosec0 — cosec7 cos(7 — 0)]
x< sin20cos2(7 — 0) + 2(1+ sin0)G2cosec27 6sin0sin27
+2 cos 0 sin 7 cos 7 — 2(1 — sin 0 + 3 sin2 0)
1 11/2
— 10 sin 0 cos 7 sin(7 — 0) — 4(1 + sin0)Gsin0sin(7, — 0) >

,

where the ± sign in (6.19) corresponds to the ± sign in (6.18), respectively. Now.

from (6.9), (6.2), and (6.3) the derivatives of the stresses in the outer yield regio
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at the boundary 0 = 7 are given by

daRR
-QQ-

=

pgR {G'(y)[cosec0 + sin0] - 2 cos0G(7)tf'fr)}.

daQQ
-QQ-

=

Ppi-{G/(7)[cosec0-sin0] + 2cos0G(7)fr'(7)}.
(6.20)

daRQ
-^Q-

=

P^{cos0G , (7)-f2sin0G(7)fr'(7)},

da$$
-0Q-

=

p0i-G'(7)(l + cosec0),

where G ( 7 ) is given by (6.14),fr'(7)is given by (6.18), and G"(7) is given by (6.19).

In the following Subsection the stresses are assumed not to be at yield in an i

dead region, but satisfy only the equilibrium equations and remain continuous a
the boundary at 0 = 7.

6.3.2

Inner dead region

In the inner dead region of the sand-pile, the stresses are assumed to satisfy o
the equilibrium equations (6.1), but not the equality of the Coulomb-Mohr yield
condition (6.9). Accordingly, the stresses are not uniquely determined but must
satisfy the strict inequality

q < Pp. (6-21)

where p and 0 are defined by (6.3). Now, an assumption needs to be made about

the form of the stresses. Here, the non-zero spherical polar stresses are assume
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be quintic expressions involving sin 0 and cos © of the form
&RR = pgR [ci sin5 0 + c2 sin4 0 cos 0 + c3 sin3 0 cos2 0
+c_ sin2 0 cos3 0 + c5 sin 0 cos4 Q + c_ cos5 ©1,
-"*©© = pgR [c-r sin5 0 + c_ sin4 0 cos © + c, sin3 © cos2 ©
+Cio sin2 0 cos3 © + cn sin © cos4 © + ci2 cos5 ©j ,
(6.22)
&RB — P9R { Ci3 sin5 © + ci4 sin4 © cos © -I- Ci5 sin3 © cos2 0
+ci6 sin2 0 cos3 0 + C17 sin 0 cos4 0 + ci8 cos0 ©} ,
0$$ = pgR |ci9 sin5 © + c20 sin4 0 cos © + c21 sin3 0 cos2 0
+c22 sin2 0 cos3 0 + c23 sin 0 cos4 0 + c24 cos5 ©j .
where c{ is a constant, for i = 1,...,24. Now, upon substituting (6.22) into the
equilibrium equations (6.1), gives
(3ci - c7 - cu - ci9) sin6 0
+(3c2 - c8 + 6ci3 - 2ci5 - C20 + 1) sin5 0 cos 0
+(3c3 - eg + 5ci4 - 3cie - c2i) sin4 0 cos2 0
+(3c4 - cio + 4c15 - 4ci7 - c22 + 2) sin3 0 cos3 0
+(3c5 - cn + 3ci6 - 5cis - c23) sin ©2 cos4 0
+(3ce - C12 + 2ci7 - c24 + 1) sin 0 cos5 0 + c18 cos6 0 = 0, (6 23)

(_Cg

+

4Cl3 _ 1) sin6 0 + (6c7 - 2cg + 4c14 - ci9) sin5 0 cos ©

+(5c8 - 3c10 + 4cis - c20 - 2) sin4 0 cos2 0
+(4cg - 4cn + 4cie - czi) sin3 0 cos3 0
+(3ci0 - 5ci2 +

4CIT

- c22 - 1)sin©2 cos4 0

+(2cn + 4ci8 - c23) sin 0 cos5 0 + (ci2 - c24) cos6 0 = 0,
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which is certainly satisfied provided each of the coefficients vanish, which yie
°e = -72 (2c2 +

3c

- ~

3c

8 - 2ci0 - 3ci2 + 10),

C9 = T ( 3 C I + 3c3 + 7c5 - 7c7 - 3 c n ) ,

1.
.
C13 = |(c 8 + 1),

C15 =

T(2C2

l
cu = j-g(15ci + 10c3 + 14c5 - 35c7 - 6cn,

- 3c8 + 2ci0 + 3),

cl6 = c n - c5,

cn = -(2c2 + 3c4 - 3c8 - 2c10 + 5c12 + 6),

c18 = 0,
(6.24)

cig =

TT(30CI

- 6c3 - 14c5 + 20c7 + 6cn),

15

c20 = 2c2 + 2c8 - cio + 1,

c2i = -(12ci + 12c3 + 16c5 - 28c7 - 12cn),

c22 = g (2c2 +

C23 = 2Cn,

3 Q _ 3cg + 4ci0

~ 5ci2 + 4^'

C24 = C12.

Now, in order to determine the remaining unknown constants, assume firstly that

the stresses are continuous throughout the entire sand-pile. This means that at t
boundary between the inner dead region and the outer yield region at © = - that
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the stress solution must be forced to remain continuous. Therefore, equating (
with (6.22) at 6 = 7, and using MAPLE gives

H
(
Cl
~ ~6 sin5 7 cos7 I5 ° C ° S ^ C O S 7 COs(7 ~ ^

+ 23cos7 sin2

^

^ " cos2 "')

- 7 sin 0 cos 0 sin 7 - 7 cos 7(cos2 7 + sin 0) + cos2 0 cos 7 ]
|

5c2cos7(3cos27-2) 5c4cos37 c8(3cos47 - 2 cos2 7 + 14)
24 sin3 7
16 sin3 7
48 sin3 7 cos 7

CIQ cos 7(9 cos2 7 + 14)
24 sin3 7

cn cos2 7(3 cos2 7 + 4)
3 sin4 7

7ci2 cos3 7(3 cos2 7 + 5)
16 sin 7

15 cos4 7 + 15 cos2 7 - 7
24 sin 7 cos 7

H (
c

3= „ • A
"T- \ 28 sin 0 cos 7 cos(7 — 0) - 7 sin 0 sin 7 cos 7
6 sin 7 cos3 7 I
+32 cos 0 sin 7 cos2 7 cos(7 — 0) + 7 cos(7 + 0) sin(7 — 0)

—6 cos2 7 cos(7 — 0) sin(7 + 0) — 3 (1 + sin 0 + 2 sin2 0J >
c2(8cos47 — 17 cos2 7 + 14) c4 cos 7(16 cos2 7 — 21)
24 sin3 7 cos 7
16 sin3 7
c 8 (llcos 4 7- 10 cos2 7 + 14)
48 sin 7 cos3 7

cio(20cos 4 7-cos 2 7- 14)
24 sin 7 cos 7

2cn (3 cos2 7 + 2) 5ci2 cos 7(8 cos2 7 + 7)
3 sin2 7
16 sin3 7
20 cos6 7 - 3 cos4 7 - 1 9 cos2 7 + 7
24 sin 7 cos3 7

(6.25)
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and also

C5_

H
(
3
~2sin 7cos 7l4sm^COS7COS^7_^~sin^sin7cos^
2

+2 sin 0 cos 0 cos2 7 + cos(7 + 0) sin(7 - 0) j

c2(cos27 + 2)
8sin7cos7

9c 4 cos7 _ c8(5cos47 + 2 cos2-7 + 2)

cip(5cos 2 7-2)
8 sin 7 cos 7

c7 =

16 sin 7 cos3 7

16sin7

15ci2cos7
n

16 sin 7

5 cos4 7 + cos2 7. - 1
8 sin 7 cos3 7-

'

(6.26)

H
_ . •=—< 4 COS 0 cos 7 cos (7 — 0)
/
w
w
2 sm5 7 I
—2 cos2 0 sin2 7 — (1 + sin 0) cos2 7 >

where H

c8 cos 7

c^ cos 7

Ci 1 cos4 7

2 sin 7

2 sin 7

sin 7

3ci2 cos5 7
2 sin 7

cos 7
2 sin3 7

= Gcoseccp. Note that (6.25) and (6.26) ensures that the stresses are

continuous at the boundary between the inner dead region and the outer yield

at © = 7. Secondly, assume that the derivatives of the stresses at the bounda

are continuous. As previously stated, if the stresses are continuous and sati

equilibrium equations (6.1) throughout the entire sand-pile, then (6.1) show
the derivatives of aRe and 0©© must also be continuous throughout the entire
pile, and hence, only the continuity of the derivatives of aim and 0$$ needs
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examined. Therefore, from (6.20) and (6.22) and using M A P L E , gives
f

TJ
c

=— < - 8 cos2 0 sin 7 cos 7(82 cos4 7 - 7 4 cos2 ~ + 19)
9 sin 7cos
7 cos22 77 I
i\
1
)

4 = ; .75

- 4 sin 0 cos 0 sin2 7(146 cos4 7 - 3 7 cos2 7 - 28)
+48fr'(7) sin 0 cos 0 sin6 7 + sin7 cos 7(629 cos4 7 - 862 cos2 7 + 314)
- sin0sin7cos7(19cos 4 7 - 218cos 2 7 + 118) \
2c2(5cos27-2) cio(25cos47+16cos27-14)
+
9 cos2 7
9 sin2 7 cos2 7

8cn (3 cos4 7 + 2 cos2 7 - 2 )
3 sin 7 cos 7

5ci2 (8 cos4 7 + 8 cos2 7 - 7 )
3 sin 7

(2cos 2 7 + 7)(5cos 2 7-2)
G'(l)
24 cos2 0 sin4 7
+
2
2
9 sin 7 cos 7
9 sin 0 sin3 7 cos2 7

(6.27)

+(1 - sin 0)(cos4 7 + 22 cos2 7 - 14) - 50 cos4 +52 cos2 7 - 20

H
C8 =

4

< 4 sin2 0 cos 0 sin 7 (10 cos2 7 — 1)

sin 0 sin 7

+ 8 sin 0 cos2 0 cos 7(5 cos2 7 — 2) — sin2 0 cos 7(5 cos2 7 + 4)
sin 0 cos 7(29 cos2 7 — 20) >
3cio cos2 7
sm 2 7

8cn cos3 7

+

sin3 7

15ci2 cos4 7

+

sm 7

( 1 - 4 cos2 7)
sin2 7

cos2 7(1 + sin0)G'(7)
sin 0 sin3 7
where £'(7) is given by (6.19),fr'(7)is given by (6.18), and H = Gcoseco. Therefore,
this ensures that the derivatives of the stresses throughout the entire sand-pile will
remain continuous across the boundary at 0 = 7. Now. recall that the stress
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distribution must be symmetrical where 0^,0ee, and <r** are even functions and
0*© is an odd function. This means that the derivatives of 0^,099. and cr**
directly beneath the vertex of the sand-pile must be zero, and the value of aRe

directly beneath the vertex must also be zero. From (6.22)3, and noting from (6.2
that ew = 0, then 0^9 must be zero directly beneath the vertex at © = 0. From
(6.1)2 and (6.22), at © = 0 shows that for daee/dG to be zero, then c23 = 2cn is

required and which is also required directly from satisfying the equilibrium eq

(6.1) as given in (6.24). However, upon differentiating (6.22)2 with respect to 0
daQQ/dQ(R,0) = 0, cn = 0, and hence c23 = 0. For da^/dS, upon differentiating
(6.22)4 with respect to 0 and as c23 = 0, then da^/dO{R,0) = 0. Finally, for
daRR/d@, upon differentiating (6.22) 1 with respect to 0 then c2 is given by

c

2 = ~n . A \ 12fr'(7)sin0cos0sin37
2 sin 7 I

+32 sin 0 cos 0 sin 7(3 cos2 7 + 1) + sin0cos7(llcos27 — 38)

+ 6 cos2 0 cos 7(19 cos2 7 — 7) — cos 7(121 cos2 7 — 94) >

ci0(5cos27 + 4)
2 sin"* 7

15ci2 cos2 7(cos2 7 + 2)
2 sin4 7

(6.28)

5cos 2 7--4
2 sinz 7

G/(7)[sin2 7(6 sin2 0 - sin 0 + 5) - 3(1 + sin0)]
2 sin 0 sin3 7

Therefore, it remains only to specify constants cio and C12. The former is arbit

chosen so as to satisfy the Coulomb-Mohr inequality while the latter is completel
arbitrary and the value ci2 = -0.08 is adopted.
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6.4 Numerical results

The experimental results of Smid and Novosad [51], were obtained at various stages

during the pouring of a three-dimensional heap. When the heap was at height h. the

horizontal and vertical stresses were measured at the base of the heap. The materi

used was sand for which the angle of repose was 32.6° and the average bulk density
was determined to be p = 1567kg/m3. From Burden and Faries [13], a Shooting
Method incorporating a Runge-Kutta scheme of order 4 has been used to do all the
numerical solutions presented in this Chapter.

In Section 6.3, a three-dimensional sand-pile with an inner dead region and
an outer yield region is examined, where 0 = 7 is the boundary between the two

regions. Unlike the two-dimensional sand-pile presented in the previous Chapter, t

numerical solution in the outer yield region does not seem to follow a known exact
special solution. This inevitably means that 7 must be determined numerically
and for p = 0.69 the numerically determined value is 7 = 0.3. As detailed in

Section 6.3, the stresses in the outer yield region are given by (6.22), and the st

distribution throughout the entire sand-pile is shown in Figure 6.2. Note that all

the stresses and their derivatives remain continuous across the boundary at 0 = 7,
and aRR, 0©©, and 0** are even functions of 0, while aRe is an odd function. This

means that unlike the two-dimensional sand-pile, the horizontal and vertical stres

and their derivatives also remain continuous as shown in Figure 6.3. Also note tha

the horizontal and vertical stresses in Figure 6.3 also have the M-shaped profile.
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Figure 6.2: Variation of aRR,aQ_.,aRQ,

e =Y
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and 0** for three-dimensional sand-piles

with inner dead region and outer yield region using an angle of repose of 32.6°
{a = 1.0018) for p = 0.69 ((a) aRR, (b) 0©©, (c) 0*©, and (d) 0 * * ) .

6.5 Conclusions

A possible model has been proposed to solve the problem of determining the force
distribution at the base of a three-dimensional sand-pile. The Jenike solutions for
radial flow in converging cone shaped hoppers have been used, but with gravity
acting in the opposite direction. For three-dimensional piles, a sand-pile which has
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Figure 6.3: Variation of the horizontal and vertical stresses in a three-dimensional
sand-pile, ((a) horizontal and (b) vertical).
an inner dead region and an outer yield region has been assumed. Unlike the case
for a two-dimensional sand-pile as presented in the previous Chapter, the numerical
solution in the outer yield region appears not to coincide with a simple well known

analytical solution. Despite this, one possible solution for the polar stresses in th
dead region involves quintic expressions of sin 0 and cos 0 has been examined and
which gives rise to the observed M-shaped profile.

Chapter 7

An exact parametric solution fo
flow in a converging wedge

7.1 Introduction
The problem of a granular material falling under gravity but constrained to flow

through either a converging wedge or a cone arises in many industrial processes an
was first studied by Jenike [33, 35, 36] and Johanson [39]. These authors examine
radial flow solutions for which momentum equations and the Coulomb-Mohr yield
condition reduce to two highly nonlinear coupled ordinary differential equations

for the determination of the stress field. One particularly simple solution of the

equations is noted but it is not sufficiently general to satisfy the necessary bou

conditions, and in general the coupled ordinary differential equations must be sol
numerically as demonstrated by Spencer and Bradley [53] and Bradley [11]. The
purpose of this Chapter is to show that these equations admit an exact parametric
138
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Granular material
Coal

139

Measured values of 3 = sin o
0.939

0.958

Alumina cake

0.941

Waste rock

0.974

Silica

0.979

0.973

0.985

Table 7.1: Measured values of P = sin0 for certain granular materials, where 0 is
the angle of internal friction.

solution in the special case when the angle of internal friction is equal to 7r/2. Thi
mathematically meaningful angle of internal friction physically corresponds to a
granular material capable of sustaining a vertical slope. Of course such materials

do not exist, but there do exist materials that have large values of internal friction

close to 7r/2 as shown in Table 7.1. For such materials, it is expected that the exact

parametric solution for 0 = 7r/2 to give a reasonable estimate of their exact solution
Spencer and Bradley [53] and Bradley [11] have re-examined the Jenike radial flow
solutions with a view to the determination of the associated double-shearing flow
field (see Spencer [52]). Here for convenience, the notation adopted by Spencer and
Bradley [53] is followed.
In the following Section the basic equations of continuum theory for plane flow
of an ideal cohesionless material which satisfies the Coulomb-Mohr yield condition
are briefly stated. The coupled ordinary differential equations are stated for the
determination of the Jenike stress field and a particularly simple exact solution is
noted. In Section 7.3, certain additional relations involving boundary values from
the coupled equations are deduced and the boundary conditions are stated. A single

Chapter 7: Exact parametric solution for flow in a converging wedge

140

• y
Figure 7.1: Coordinates for two-dimensional flow in a converging wedge.

second order ordinary differential equation is given for the stress angle ip which is
defined by (7.4). In Appendix C the exact parametric solution of the second order

ordinary differential equation in the special case when the angle of internal frict

of the material 0 is equal to 7r/2 is derived and the solution itself in terms of two

arbitrary constants is given in Section 7.4. In Section 7.5, typical numerical resu
are presented which in particular confirm that the full numerical solution coincides
with the exact solution.

7.2

Basic equations of continuum theory

For quasi-static plane flow under gravity through a wedge hopper as indicated in
Figure 7.1, the stress components in a cylindrical polar coordinate system (r,0.z)
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satisfy the equilibrium equations
d°>r ldar0 arr - aee
dr

+

r~df

+

r

= ?9cos0.

(7.1)
dar0
\da6g
2ar0
.
+
+
p9sm0
~dr~ r~W -r~ = >

where p is the density, o is the acceleration due to gravity and arr, a00 and ar0 de
the in-plane physical stress components. Following Spencer and Bradley [53] these
components can be expressed in the standard form

arr = -p + qcos2ip, aee = -p - qcos2ip, ar0 = q sin 2ip, (7.2)
where p and q are defined as
P = ~\ far + agg) ,(/={} (<T„ - agg)2 + a2,}^ , (7.3)
while ip is given by
tan2V*=,

2are

(7.4)

and physically ip is the angle between the maximum principal stress axis and the
radial direction, in the direction of increasing 0. For a cohesionless material,
Coulomb-Mohr yield condition takes the form
q = psin(p, (7.5)

where 0 is assumed to be a material constant and referred to as the angle of inter
friction.
Following Jenike [35] and Spencer and Bradley [53], solutions of the form

iP = iP(0), q = pgrF(0), (™)
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are examined and from the above equations the Mowing governing equations m
be deduced,
d £ = Fsin2?/; + sin0sin(2,y + 6>)
d# sin 0 + cos 2v
(7.7)
<___ 1== Fcot 0cos0 + cosfl + sin0cos(2y + 0)
de
' 2F(sin0 + cos2u)
Now, looking for a symmetrical stress distribution gives the condition

^(0) = 0, (7.8)
and at the wall 0 = a, a Coulomb friction condition is assumed, so that
ar0 = — a00 tan p, at 0 = a,
where p is the angle of wall friction and a denotes the semi-vertex angle. Thus,
(7.2) and (7.5) gives
sin[2^(Q)-Ai] = ^. (7.9)
sm 0

which is meaningful provided p<(p. If p > 0 then the wall is 'perfectly rou
the material slips on itself at the wall. In this case

</•(*) = | + \ (7-10)

and observe that for ip positive, this value of ip provides the first singularity

equations of (7.7) in the sense that this value of ip(a) satisfies cos 2ip = — si
(7.7) needs to be solved subject to (7.8) and either (7.9) or (7.10), depending on
the value of p. In general this must be achieved numerically (Spencer and Bradley

[53]), and some results are given in the final Section of the paper. Note here that
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-^tcos0 + sin0cos(0-2i/)
COS 0

(7.11)

special exact solution of (7.7) is

il>(0) = -0 + p,

F(0) =

2

for some constant ip*.

7.3

Mathematical analysis

From the coupled ordinary differential equations and the boundary conditions at
0 = 0 and 0 = a, certain additional relations can be determined which apply on
these boundaries. First at 0 = 0, (7.7) and (7.8) gives

(7.12)

F'(0) = 0, V'(O) = i|cosec0-3 + - ^ | .

where primes throughout this Chapter denotes differentiation with respect to 0.

Now at 0 = a, there are two possible boundary conditions, depending on the value
of p, namely (7.9) and (7.10). For p < 0, (7.7) and (7.9) gives
F(a)sinp + sin(psin(a +p)
F'(a) =
y sin2 0

sin 2 p

sin 0 sin a cos p
cos24>y/sin2(P-sin2p

sin 0 sin a

+

cos2

<t>
(7.13)

sin0cos(a + p)

COS/i

iP'(a) = -- +
2

2^/sin 2 0-sinV

+

2F(a) ^Jsin2 cp - sin2 p

where the positive square root has been taken, due to the fact that the negative

square root is non-physical. Note from (7.13) that for 0 = p. both F'{a) and v'(

become infinite and that the numerical results indicate that these remain infin
for p > 0-
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Note that, upon eliminating F(0) from (7.7), then the following second order
differential equation for ip(0) may be deduced,
(sin0 + cos 2ip) [cos 0 + sincpcos(2ip + 0]}fr'

2(ip' + 1) | sin2?/;[cos0 + sin0cos(2^ + $)]ip'
(7.14)
-2 sin 0(sin 0 + cos 2ip) sin(2t: + 0)v'

-(3sin 2 0 + 2sin0cos2if - l)sin(2c + 0) ] .
The formal exact parametric solution of this equation for 0 = 7r/2 is derived in
Appendix C and which applies for p < 0. In the following Section, this solution is
stated and the constants of integration which satisfy the two boundary conditions

given by (7.8) and (7.9) are determined. In Section 7.5, the numerical solution of

the system of coupled ordinary differential equations (7.7) subject to the boundar
conditions (7.8) and (7.9) is briefly presented.

7.4 Exact solution for the special case (j) = TT/

As shown in Appendix C, equation (7.14) for the special case of 0 = 7r/2 admits th
following exact parametric solution for ip(0)
I(u) f U>1/2 __,2 . \ C2 1/2 -w/2
tanip = -^2. J i _ _ _
(7.15)
tan0 = C2{2e-/2o;-1/2-/(a;)}~1,

e

<•*/ j( w ) V - —

u

' e
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where the integral I(u) is defined by

I(u;) = ft-V2et/2d.t + C1. (7.16)
where C\ and C2 denote two arbitrary constants of integration.
In the special case of 0 = TT/2, (7.8), (7.9) and (7.13)2 gives

iP(0) = 0, iP(a)=p, -y(a) = -l + 0C°S/"

+ M)

, (7.17)
2b {a)cosp

and obviously in this case p < 0. Now the constants C\ and C2 are required to

be determined such that the boundary conditions (7.17)i and (7.17)2 are satisfi

From (7.15) and (7.16) it is clear that ^(0) = 0 provided the parameter value u
is identified to correspond to 0 = 0, hence, C\ is chosen such that

7(u,)= f' t'^e^dt, (7.18)
Jo
and in the following this is assumed to be the case. Now to determine C2, the

parameter value u> = U)Q is identified to correspond with 0 = a for some u^o- T
from (7.17)2 it is found that (7.15) becomes
1/2

tan/, =

^2-.

l - ^ -

e

- /

2 / W

|^/2e--/2,
(7.19)

tana

=

C2 {2ew°/2a;0"1/2 - I(u0)}

-1

and (7.19)2 gives

a2 = t a n a | ^ r - / M | ,

(7.20)

which upon substituting into (7.19)i gives
1/2

sin a
sin(a + p) = ^L-e-^lM.
cosp
2

(7-21)
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which is a transcendental equation for co0. Thus, C2 is determined from (7.20)
u0 is a solution of (7.21).

Now, a relation needs to be determined for F{0) in terms of the parameter a.-.
Upon differentiating (C.15) and (7.15)2 with respect to 0, gives

rl/(0) + 1 =

UJCOs2

(^ + e)

=

<*»(»> + 0)
sin20

2Fcosv '

\'- )

where the latter equality follows from the differential equation (7.7)2 with 0
Then rearranging (7.22) for F(0), gives
1/2

/ y — xx

F(0) =

sec ;sec

V

;

0/ +fl)_

){l + y2Y'2

ll + xyy

2

x2{l + y2)
2

2u;cosec 0

" 2UJ(\ + xy)(l + x2)1/2'

2u;(l + x- )

(7.23)

where x and y are defined by (C.3). On simplifying (7.23), the following express
for F(0) in terms of the parameter UJ may be deduced,

F(0) -

-r^-

+ i{uj)
e-yi[cl
[
2
J
J
°

'

^

2

—IT,,

4a7V2 { c 2 + [2eW2w-i/2 _ j^)]2}

(7.24)

where C2 is given by (7.20). Also note from (7.22) that ?//(0) + 1 = (2F(0))_1 m

be concluded which is entirely consistent with (7.12)2 in the special case 0 =

7.5 Numerical results

The numerical results shown in Figures 7.2 and 7.3 were obtained using an iter

scheme to determine successive numerical solutions which converge to the solut

which satisfies the appropriate boundary conditions. For p < 0, both a Shooting
Method, employing a Runge-Kutta scheme for the system of coupled first order

ordinary differential equations (7.7), and a Finite-Difference Method for the se
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Figure 7.2: Variation of ip(0) for three values of 0 for which p < o. where the ang
of wall friction p is 7r/12.
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Figure 7.3: Variation of F(0) for three values of 0 for which for p < o. where the
angle of wall friction p is 7r/12.
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Figure 7.4: Absolute error between the exact parametric solution (7.15) and the
numerical solution for ip(0) for 0 = 7r/2.

order ordinary differential equation (7.14) subject to (7.8) and (7.9) have been use
and both methods give same results. Figures 7.2 and 7.3 show the variation of
ip(0) and F(0) respectively for three values of 0 > p, assuming an average bulk
density p = 1567 kg/m3 and an angle of wall friction of p = 7r/12. Note that the

solutions shown in Figures 7.2 and 7.3 satisfy the relations (7.12) and (7.13) on th
boundaries 0 = 0 and 0 = a. For 0 = 7r/2, the general numerical solution and
the exact parametric solution give the same curve with absolute errors as shown in
Figures 7.4 and 7.5.

7.6 Conclusions
Within this Chapter the coupled nonlinear ordinary differential equations governing
a granular material falling under gravity, but constrained to flow through a converging wedge has been examined. These equations are shown to admit an exact
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Figure 7.5: Absolute error between the exact parametric solution (7.15)2 and (7.24)
and the numerical solution for F{0) for 0 = 7r/2.

parametric solution in the special case when the angle of internal friction is equal

7r/2. This is the only known exact solution of these equations involving two arbitra
constants.

Appendix A

Solution details for the first ord
differential equation (2.29)2

In this Appendix the details for the determination of an approximate solution of
(2.26) for small P are presented. Note that while (2.29)i can be solved for v0, the
constant of integration C cannot be determined from the boundary condition for
VQ(£),

but as described in Section 2.3.1, this constant is determined from the condi-

tion on a at r = r0. On solving (2.29)2 as a standard first order linear differential
equation for Vo and determining in the process several integrals that are integrated
using MAPLE, a solution is obtained in terms of elliptic integrals. On making the

substitution v0 = £2w0 in (2.29)i, a standard separable first order ordinary differen
tial which readily integrates to yield the solution (2.30) may be deduced. Observe
from (2.30) that the solution is valid only for £ < (C/2)1/2 and for £ > (C/2)l>2 the

appropriate solution of (2.29) i is assumed to be v0 = 0, which is indeed a solution.
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N o w (2.29) and (2.30), assuming the minus sign in (2.30), gives
2^/2
dVo [1 + (1 - k2e)
(%
t(i-k2e)

;T/j_ 4^[i - a - eef2]
2

?

2

2
k
+

{i-k ef'

e

2

(i-k e)'

(A.l)

where k2 = 2/C, which is afirstorder linear differential equation for \ '0 in terms of
C and £', for which the integrating factor R(£) is found to be

-e (k2e -if2

m

(A.2)

l2

(1 - A;2<£2)1/2 - l"

and after integrating, the following result can be determined, namely

-k2vo(k2e-if2

(i_ k2e)1/2-i]

= h - /2,

(A.3)

where

h
J

4k2ak2e-i)112
2 2 ll2
2 2 112
e d - i ) [i-(i-k i ) ^
i'(i-k

(A.4)

and

h

k4e {k2e -1)1/2

Scz
(i - k e) [i - (i - k ef '
2

2

12

rd£.

(A.5)

Now, in order to integrate h, £' needs to be rewritten in terms of f and to do thi
recall that £ = r — r\jr, which can be solved for r to give
1
r= 2

1/2

i + [i2 + 4rJ)

(A-6)

and so from noting that £' = 1 + r2/r2, then
2(£2+4r2)1/2

(A.7)

e' = T
£ + (£2+4rrj)1/2]'

is obtained. Thus Ii can be rewritten as

2k2e {k2e - i)i/2
h =h+h

in(1 - k ^)
2

1/2

1/2
{e + 4r20)1/2 [l - (1 - k2?)

d£
(A.8)

2

2

12

2k
r
2 / ci(k
^ ( f e-if
e^-i)/
d
J (1 - ^2)1/2 [l _ (1 _ ^2)1/21
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w h e r e I3 can also b e rewritten as

1

h = h+L

- /
{e+4r2)1'2^ J (e2 + 4r2)1/2

2
.g, /• 2» d - k2efd-f.

(A.9)

Now upon using MAPLE, the integrals I2,74 and 76 become
21 V2

/,--u n - { (^-i)-v» } - 2 ^[-ff; i --)r +(t , e ,. 1) »

/ - = 2 tan"' {{kV - !)"'"}+ ^"^[-ff- 1 ^'' 2 + 2 (*? _ ,)"> (A-"
/5 = 2nog[£ + (£2 + 4r2)t2)1/2' .
and Gradshteyn and Ryzhik [25] (page 326) shows that 76 can be written as
h = 2.(1+ 4/c2r2)1/2 {F(7, „) - £(7, „)} + 2i£ (^|)^ • (A.H)
where 7 and z/ are defined as

f,/l + 4A:2r2V/2l
7 = sm <
4r02 + e 2 7 J'

~(l+4A-'rg)1/2'

(A.12)

and F(7,1/) and £(7, z^) are elliptic integrals of the first and second kind respectively.
From either Gradshteyn and Ryzhik [25] or Abramowitz and Stegun [1], an elliptic
integral of the first kind F(*y, v) is defined as
/•sin 7

F(7, v) = /
Jo

[(1 - t2) (1 -

rdt,
vH2)]1'2

(A.13)

and an elliptic integral of the second kind £"(7, v) is defined as
3in7

[1 _ vH^f/2

£(% ^ = /0r

[1 - *2]V2

•dr.

(A.14)

Jo
Thus from (A.10) and (A.3), equation (2.31) is obtained where C = 2/k2 and ~ and
z/ are defined by (2.32). Note that from the boundary condition (2.19). the constant
of integration for VQ is zero.

Appendix B

The stress values where they fail
to exist within a rat-hole
In this Appendix the point at which the stresses fail to exist within a rat-hole for

a shear-index granular material is determined. The relations (4.31) are established
which for general n connect the stress values at the point of failure. As noted in
Section 4.3, the relations (4.29) and (4.30) are immediately apparent for n = 1 and
n = 2, because in these special cases further mathematical analysis is possible.
Upon comparing (4.29) with the Warren Spring equation (4.3), then it is found
to be reasonable to speculate for general n that

1 _ -__! = (—)" . (B.l)

Moreover, on examination of (4.30) it would not be unreasonable to assume that for
general n

<Tzz = arr + a(^f)""", (B-2)
153

Appendix B: The stress values where they fail to exist within a rat-hole
154

where a and m are certain unknown constants, yet to be determined.
ow on N

introducing UJ = arz/c, then from (B.l) and (B.2) the quantities .4

are

defined by (4.34) become

A = a2u2m + 4c2uj2,

ujn--ujm
2t

B =

(B.3)

and from these relations
2 _ (n-1)
A =
n2r2
B

n , (n-2)a
W" +
-UJ
2nt

2-----2 f £,--« + ^ '

(B.4)

n \ t n

may be deduced. Now, the quantity on the left hand side is required to be a perfect

square, which leads to the conclusion that a and m needs to be chose
m + n = 2 and a/t = -2X2/n, and hence (B.2) becomes

Ozz = Orr ~

2Ac a
n

2-n

(B.5)

Observe that (B.5) is entirely consistent with the special cases n = 1 and n = 2
given by (4.30), and that (B.4) becomes
1/2

,2
n

B*

2

-

^

2 n

= uj + -uj - n

\2

2-n

n

uj + —(2-n)uj
nl

A2

2-n

2-r(n-l)w

rr

(B.6)

from which it is a trivial matter to show that the yield condition (4.33) is satisfied
identically, and thus confirms (B.5) as the correct expression.

From Figures 4.7, 4.8 and 4.9 it would seem that the stresses fail t
07 = 0 and am = —fc. From equation (4.14) these conditions give rise
1/2

= o,

OVr + Ozz + [(-"Vr " Ozz) + 4a.

(B.7)
-Vr + azz - [(arr - azz)2 + 4a,

1/2

=

-2/ c ,
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from which the following may be deduced,
orrozz

=

a2
(B.8)

orrozz + fc(arr + azz) + f2c = a2z.
On using (B.l) in conjunction with (B.8) gives
2

2

(+ 0Vr\2/n

arr + c2 [1 - -_ j

+ fcarr __ o.

(B9)

as an exact equation for the determination of aTT at the point at which the stresse
no longer exist and both at = 0 and aUI = -fc are satisfied.
Now based on an exact analysis of (B.9) for the two special cases of n = 1 and
n = 2, leads to the proposal of the alternate equation for (B.9), namely
/ c2\(2-n)/n , ^ ^.

(1 + iaJ <72r+[fc--j)orr+c2 = Q. (B.10)

Further, on using (B.10) and again making a comparison with the exact analysis for

n = 1 and n = 2, the following alternative approximate expression for fc for genera
n is proposed, namely
o c2 / (2 \ (2-n)/2n

^ = nT + 2c(1 + 7-j • <an>
which is chosen so as to be consistent with the known exact values (4.35) for n =
and n = 2 and also that the quadratic (B.10) becomes a perfect square. Curiously,

Figure 4.4 vindicates this judicious choice for fc while Figures 4.10 and 4.11 dem
strate the utility of approximating (B.9) by (B.10). It must be emphasized that
equations (B.10) and (B.ll) are speculative but give reasonably accurate results.

Appendix C
Derivation of the exact solution of
(5.26) and (7.14) for (3 = 1

In this Appendix the exact parametric solution of the second order differential equa-

tion for ip(0), namely (5.26) or (7.14), is derived for the special case of 3 = 1.
corresponds to assuming an angle of internal friction of & = n/2. For 3 = 1(0 =
7r/2), both (5.26) and (7.14) simplifies to give

cosip cos(ip + 0)ip" = -2(ip' + 1) | sin{ip + 0) cost; + cos(zy + 0) sin v } , (Cl

which can be rearranged to yield

[sec2(ip + 0)(ip' + 1))' + 2tan^[sec 2 (^ + 0)0/ + 1)] = 0.

(C.2)

Thus, upon making the transformations

£ = tan0, y = tan(ip + 0).
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(C.3)

Appendix C: Derivation of the exact parametric solution for 3 =

157

so that
tan^=-^——.
1 + xy

(C4)

•

'

then equation (C.2) can be shown to simplify to yield

^ • IV dy
dx2^(l

[

+ xy)dx

^°}

Now this equation remains invariant under the stretching group of transformati

57i = Ax, yx = \~ly, (C.6)

and therefore upon introducing the new variable z = xy and making the Euler
transformation s = logx, equation (C.5) becomes
d2z dz _ 2z (dz \
ds2

ds

(1 + z) \ds

J

v

Now, equation (C.7) can be reduced to an Abel equation of the second kind by

making the substitution u = dz/ds and taking z as the independent variable. Ho

ever, although a first order differential equation, (C.7) appears not to be in
by this procedure. Alternatively, upon introducing UJ such that

UJ=

—- z, (C.8)
as

then equation (C.7) is equivalent to
dz
—ds = Z +

UJ,

duj
2UJ
—ds = (z +1)

(C.9)

On eliminating z from these equations and introducing
ldw
UJ

ds

(CIO)
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then the standard first order differential equation

— + l(l-l.)v____l_
duj

2\

UJJ

[Cll)

UJ''

m a y be readily deduced. This equation readily integrates to give

v = 2-ujl/2e-^2I{uj), (C.12)

where I(u) is the integral defined by (7.16). From (CIO) and (C.12) a second
integration may be performed to obtain

2uj-1'2e»l2-I(u>) = C^, (C.13)
x

from which (7.15)2 may be readily deduced. Equation (7.15)i follows from the fac
that v = 2/(z + 1) and therefore

- = \ - 1 = -^-e-"-/M {l - -J-e-r/'/fr-)}"1. (C.14)
But z = xy and hence
y = tan(iP + 0)=1-^,

(C.15)

->2

and (7.15)i n o w follows from this equation and (C.4). Therefore, the formal parametric solution given by (7.15) and (7.24) has been established, namely
tan0 = C2{2e-/2a;-1/2-/H}"1,

tanip(0)

M{i_-£e-*/(_0}-^e^,

4UJV2

{Ci + [2e"/2uj-1/2 -

I(UJ)}2)

(C.16)
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where I(u>) is defined by

I(u,) = fr1/2et/2dt + Ci. (CAT)

and Ci and C2 denote two arbitrary constants of integration.
In this Appendix, the two constants of integration are determined for a two-

dimensional sand-pile with an angle of internal friction of <p = n/2. In this s
case these arbitrary constants must be chosen so that v(0) satisfies

^(0) = 0, iP(a) = ~. (C18)

From (C.16) it can be seen that the first of these conditions is satisfied prov

parameter value UJ = 0 is associated with 0 = 0 and the integral I(UJ) is taken
defined by
I(UJ)=

r r^e^dt, (C.19)
Jo

and from (C.15) or (C.16) it is clear that

I(oj) = C2tan(iP + 0). (C.20)

Now, from (C.16)i at 0 = a and (C18) 2 gives
C2
tana =

(C.21)
2e"o/2a>01/2 + C 2 cot a

where u.0 is used to denote the value of the parameter corresponding to 0 = a an
where tan(a - TT/2) = - cot a has been used. From (C.21) it is clear that «,'-

Accordingly, the parameter is changed from UJ to -A. and the substitution t = -

is made in the integral (C.19) so that the exact parametric solution (C.16) now
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becomes
tan0 = -C 3 {2e- A /2 A -i/2+ j ( A ) j \

taniP(0) = M

|i +

^CA/2

J ( A )

|+

^ A i/2 e A/2

(C.22)

eA/2[c2+ J(A)2]
F(0) = 4AV2 {c32 + [2e-V2A-i/2 + J(A)]2}1/2'
where C2 = iC_ and the integral J(A) is defined by
1/2
J(\) = f" s-l'2e-3'2ds = 23/2 [{X/2)1/2 e~x2dx = (27r)1/2erf (A/2)
,
(C.23)
Jo
Jo

where erf denotes the usual error function. N o w since A = oc is the parameter value

corresponding to 0 = a, then an estimate of J(A) is required for A tending to
Using the standard asymptotic expansion for the complimentary error function
for example Carslaw and Jaeger [16]), then

1/2

2 e -A/2

^^ -^{ 1 4 + 0 (^)}' ( c - 2 4 )

J(A) = (27r) 1 / 2 |l-erfc^

may be deduced and then this equation and (C.22) gives
A 2
2e~
/ T
tan0 = -C 3 U27r) / +
l+
1 2

A3/2

0|i

(C.25)

W ( - ) = (£ +-f) A'/V/" + 0(1),
l/2 r

-"(-) = - ^ {(Cf + 2-r)V- - 4efr_

( ^ -

i+ 0|i

From (C.25)i it may be deduced that
C 3 = -(27r)1/2tanQ,

(C.26)
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and that
/7rA\1/2

tanV*(0) = -

^
\ - /

A/2

-r±
+ 0(1),
sin a cos Q
(C.27)

F(0)=-^v/2-^L+on
V )

\2\)
2cosa
VA7'
which confirms ip(a) = -TT/2 as A tends to infinity, but note that F(a) tends to
infinity rather than zero. In the case with p = 1 the alternative conditions v{0) = 0
and ip(a) = -TT/2 have been satisfied, which apply only for this special case. From
the asymptotic expressions (C.27) it may be confirmed that ar0 and a0e both tend
to zero.
Thus for a two-dimensional sand-pile with angle of internal friction of 0 = IT/2,
an exact parametric solution is given by (C.22) for 0 < A < DC and J(A) is defined
by (C.23) and the constant C3 is defined by equation (C.26).
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